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Some pictures from rewriting literature

Layer Systems for Proving Confluence · 21
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Fig. 2: Layering terms in PP(R) for the TRS R in Example 5.6.

Proof. According to Lemma 5.7 it suffices to show that PP(R) is confluent. To
this end, we let L := L1 ∪ L2, where L1 is the smallest extension of V! such that

Ap(· · · Ap(fm(s1, . . . , sm), sm+1) · · · , sn) ∈ L1

for all fm ∈ FU \ {Ap}, s1, . . . , sn ∈ L1, with n less than or equal to the arity of f
in the original TRS R, and

L2 = {Ap(v, t) | v ∈ V! and t ∈ L1}
It is not difficult to see that L1 consists of those contexts in C(FU , V) whose U-
normal form contains no occurrences of Ap. See Figure 2 for some layered terms.

We claim that PP(R) is layered. Conditions (L1) and (L2) are trivial and con-
ditions (L3) and (C2) are easily shown by induction on the definition of L1. The
interesting case for (L3) is when L ∈ L1. Since merging cannot create new Ap
symbols above any fm, the result is in L1, whenever defined. For (W) and (C1), we
let M be the max-top of s, p ∈ PosF (M), and consider a rewrite step s →p,ℓ→r t
with ℓ → r ∈ PP(R) Because L is closed under taking subterms, M |p is a top of
s|p. It is the max-top because otherwise we could merge the max-top of s|p with
M at position p and obtain a larger top of s. Note that ℓ! ∈ L1 (recall that ℓ!
is obtained by replacing all variables in ℓ by !) We have ℓ! ⊑ s|p and therefore
ℓ! ⊑ M |p. As a matter of fact, M |p is obtained from ℓ! by replacing each hole
at position q by the max-top (in L1) of s|pq. Because equal subterms have equal
max-tops, s "· M |p and hence there is a rewrite step M →p,ℓ→r L. We have L ∈ L1

because L1 is closed under rewriting by PP(R). Furthermore, the max-tops of the
aliens of s do not belong to L1 and therefore the aliens of s are still aliens of L,
unless L = !. It follows that both (W) and (C1) hold.

To show confluence of PP(R) on terms of rank one, first note that elements of
L2 allow no root steps and therefore it suffices to show confluence on terms in
L1. It is easy to see that s →R ∪ U t implies s↓U →=

R t↓U . Hence, for a peak
t ∗

R ∪ U← s→∗
R ∪ U u there is a corresponding peak t↓U ∗

R← s↓U →∗
R u↓U , which is

joinable by the confluence of R. Hence t and u are joinable in PP(R). We conclude

ACM Transactions on Computational Logic, Vol. V, No. N, 2015.



Some pictures from rewriting literature
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Fig. 2. Proof of the claim (only patterns of steps having overlap with u are shown) 

Example 25, Consider the following variant from [37, Example 4.91 of the lambda 
calculus of [6, Definition 14.3.11. To the lambda calculus with beta and eta rule, a 
constant I: o representing the completely undefined term, is added, together with the 
two rewrite rules 

This system has (on top of the trivial ones between beta and eta) two critical spans: 

abs(x.1) app(L y) 
/laPP /labs 

aWx.app(Lx)) llabs app(aWx .I>, Y 1 llaPP 

\eta \beta 

l_ I 

both of which are development closed, hence this PRS is confluent by Corollary 24. 

The next example shows that by weakening orthogonality to development closedness, 
the proof invariant for confluence had to be weakened from the triangle to the diamond 

property. 
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t o!p s, i↵ t contains no redex at a position q above p (written q < p). If the
position is irrelevant we just write ! or o!. The TRS R is non-terminating i↵
there is an infinite derivation t1 ! t2 ! . . . . It is outermost non-terminating i↵
there is such an infinite derivation using o! instead of !.

An obvious approach to disprove termination is to search for a loop, i.e., a
derivation where the starting term t is reduced to a term containing an instance
of t, i.e., t !+ C[tµ]. The corresponding infinite derivation is

t !+ C[tµ] !+ C[C[tµ]µ] !+ . . . !+ C[C[. . . C[tµ] . . . µ]µ] !+ . . . (?)

where the derivation t !+ C[tµ] is repeated over and over again. This infinite
derivation (?) is obtained because ! is closed under both substitutions and
contexts, also known as stability and monotonicity.

However, in general it is not clear whether (?) also is an infinite derivation if
one considers a specific evaluation strategy S. If this is the case then and only
then we speak of an S-loop.

To formally define an S-loop we first need to make the derivations within
(?) precise. Therefore, we must represent terms like C[C[. . . C[tµ] . . . µ]µ] with-
out using “. . . ”. Moreover, we must know the positions of the reductions since
several strategies—like innermost, outermost, or context-sensitive—only allow
reductions at certain positions. To this end, we define the notion of a context-
substitution which combines insertion into a context with the application of a
substitution.

Definition 1 (Context-substitutions). A context-substitution is a pair
(C, µ) consisting of a context C and a substitution µ. The n-fold application
of (C, µ) to a term t, written t(C, µ)n is defined as follows.

• t(C, µ)0 = t
• t(C, µ)n+1 = C[t(C, µ)nµ]

C

C

C

t
µ

µ

µ

µ

µ

µ

Fig. 1. The term t(C, µ)3

From the definition it is obvious
that in t(C, µ)n the context C is added
n-times above t and t is instantiated
by µn. Note that also the added con-
texts are instantiated by µ. For the
term t(C, µ)3 this is illustrated in Fig. 1.

The following lemma shows that
context-substitutions have similar prop-
erties to both contexts and substitu-
tions.

Lemma 2 (Properties of context-substitutions).

(i) t(C, µ)nµ = tµ(Cµ, µ)n.
(ii) t(C, µ)m(C, µ)n = t(C, µ)m+n.
(iii) If C|p = ⇤ then t(C, µ)n|pn = tµn.
(iv) Whenever t !q s and C|p = ⇤ then t(C, µ)n !pnq s(C, µ)n.
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178 J.W. Klop and A. Middeldorp 

_ . .  .... 
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left-hand side redex scheme preredex 
redex compatible term 

FIGURE 12. 

Clearly, t is redex compatible if  and only if t is compatible with a redex scheme. Notice 
that every preredex is redex compatible and every redex scheme is a preredex. Because we con- 
sider only TRS's  with a finite number of  rewrite rules, there are only finitely many preredexes. 

EXAMPLE 5.9. Let  

I F ( A ,  F(B, x)) -~ x 
R=tF(C," x)  ---> x. 

The preredexes of  R are listed below: 

fl, 

F (fl, El), F (A, fl), F (t-l, F (El, s F (A, F (El, ll)), F (El, F (B, El)), 

F (A, F (B, ~a), F (C, El). 

The second row contains all proper preredexes and the last two preredexes are redex schemes. 

We n o w  associate with every redex compatible term a preredex. According to Proposition 
5.12 below, this transformation preserves the property of  being free. 

DEFINITION 5.10. Let  t e 'T a be redex compatible. Like Procrustes, we cut off all parts of t that 
stick out: 

cut(t) = t  c~r I n . . . n r  n, 

Ocut(t) = 0 (t) n 0 n (cut (t)), 

where {r I . . . . .  rn } is the set of all redex schemes compatible with t. Notice that Ocut(t) is the set 
of  II-posit ions that are created in cutting down t to cut(t). 

~ t 

FIGURE 13. 
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/ 

(a) Huet-Toyama-Oostrom criterion 

, . > < 2 ,  �9 

(b) Gramlich's criterion 

.~/ ~, /" ' ,  A ~ ........ /-. 

~ >/'-,, "~ I 

(c) Ours 

(d) Huet's strong closedness (requiring right-linearity) 

Fig. 1. CR-criteria 
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(a) disjoint redexes (b) nested redexes

(c) overlapping redexes

(b')  repeated variables

Figure 2.6: Critical Pair Lemma

2.7.18. Exercise. Consider the following TRS, derived from the equational spe-
cification of the Booleans of Table 2.6.

r1 : ¬(true) → false
r2 : ¬(¬(x)) → x
r3 : and(true, x) → x
r4 : and(false, x) → false
r5 : or(x, y) → ¬(and(¬(x),¬(y)))
r6 : ¬(false) → true

Prove that this TRS is complete by analysing the critical pairs and proving SN.

2.7.19. Exercise. Prove, using the Critical Pair Lemma: if the TRS R has finitely
many rules and is SN, then WCR and CR for R are decidable.
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some common features of pictures

▸ identifying parts of terms

▸ overlap between parts of terms (geometric)

▸ combining steps on parts of terms (inductive)

note: parts not subterms

why pictures?
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some common features of pictures

▸ identifying parts of terms

▸ overlap between parts of terms (geometric)

▸ combining steps on parts of terms (inductive)

note: parts not subterms

why pictures?
this talk: expressive language for parts of terms



Pólya’s triangle

Generalisation Specialisation

Analogy

Pólya, Induction and Analogy in Mathematics, 1954, Fig. 2.3



Pólya’s triangle

3 + 5 = 5 + 3

Generalisation Specialisation

Analogy

x + y = y + x

2 + 4 = 4 + 2



Pólya’s triangle

Generalisation Specialisation

Analogy

Sits on my desk

dependent on representation (cf. string, term, graph)



Pólya’s triangle

3 + 5 = 5 + 3

β-expansion β-reduction

Analogy

(λxy .x + y) 2 4 ∼ (λxy .x + y) ∼ (λxy .x + y) 3 5

2 + 4 = 4 + 2



Pólya’s triangle

Generalisation Specialisation

Analogy

Specialisation Generalisation



Pólya’s triangle

Theory Builder

Analogy

Problem Solver



Pólya’s triangle

p ps s

Theory Building

p s

p sp s

this talk: Theory building, parts of terms theory



Pólya’s triangle

∗

?

∗

For problem solvers: is (linear) λβ-calculus upward confluent?



Representation?

Example (Running)

t = p(s(p(s(p(s(v))))))

p

v

t =
s

p

s

p

s

where we want to identify some parts of t



Representation?

Example (Running)

t = p(s(p(s(p(s(v))))))

t =
s

p

s

p

s

p

v1

say all three consecutive p − s pairs



Example (Running)

t = pspsps

3

1

2



Representation: λ-abstraction/β-expansion

Z

YλXYZ .

X

1 2 3

(λXYZ .X (Y (Z(v)))(λx .p(s(x)))(λx .p(s(x)))(λx .p(s(x)))
represents faithfully, but

▸ too powerful (repeat β-expansion)?

▸ universal algebra? (repeated expansion gives higher-order)?

▸ geometric operations? (union, intersection)

▸ λ’s are scary



Representation: let-expressions (inductive clusters)

in Y

X

Z

21 3let X ,Y ,Z = , ,

let X ,Y ,Z =p(s(v1)),p(s(v1)),p(s(v1)) in X (Y (Z(v)))
represents faithfully:

▸ universal algebra
(two algebras, for body and for let-block)

▸ no λ’s
(X ,Y ,Z of arity 1 so only 1 parameter v1)

▸ but geometric operations? (union, intersection)



Representation: labelling/overlining

p

s

p

s

p

s

p(s(p(s(p(s(v))))))

▸ loses distinguishing power (1 part vs. 3 parts)?
(terms not trees; vertices explicit but edges implicit, no label)

▸ different labels for different parts?
(but then how about union, intersection?)

▸ labelling changes signature?
▸ labels encode coherence of part locally?

(letting loose a box of chicken in Paris)



Representation: sets of positions (geometric clusters)

1⋅1⋅1⋅1⋅1⋅1̄
v

s

p

s

p

s

p

ε̊

1̊

1⋅̊1
1⋅1⋅̊1

1⋅1⋅1⋅̊1
1⋅1⋅1⋅1⋅̊1

1⋅1⋅1⋅1⋅1⋅̊1

ε̄

1̄

1⋅1̄
1⋅1⋅1̄
1⋅1⋅1⋅1̄
1⋅1⋅1⋅1⋅1̄

{ε̊, 1̄, 1̊,1⋅̊1,1⋅1⋅1̄,1⋅1⋅̊1,1⋅1⋅1⋅̊1,1⋅1⋅1⋅1⋅1̄,1⋅1⋅1⋅1⋅̊1}
represents faithfully

▸ parts as connected components with vertex borders
(both vertex p̊ and edge p̄ positions)

▸ union, intersection simply as sets
▸ but behaviour under substitution? (tracing positons)



Representation: geometric and inductive

isomorphic: transfer from one to the other when appropriate:

▸ for union, intersection: geometric cluster

▸ for substitution: inductive cluster

Theorem
clusters form distributive lattice

Birkhoff’s Fundamental Theorem for Distributive Lattices
On geometric clusters, set theoretic (empty
set,union,intersection,all)



Representation: geometric and inductive
isomorphic: transfer from one to the other when appropriate:
▸ for union, intersection: geometric cluster
▸ for substitution: inductive cluster

Theorem
clusters form distributive lattice

Geometric ↝ inductive:
collapse connected components to single vertices (let-binding):

e.g. {ε̊, 1̄, 1̊} collapses to let X = p(s(v1))



Representation: geometric and inductive

isomorphic: transfer from one to the other when appropriate:

▸ for union, intersection: geometric cluster

▸ for substitution: inductive cluster

Theorem
clusters form distributive lattice

Inductive ↝ geometric:
position algebra mapping body to Shift, let-bindings to Tree:

N. Hirokawa, J. Nagele, V. van Oostrom and M. Oyamaguchi 23:3

3.1 Terms and assignments
We present assignments, allowing to substitute for symbols of arbitrary arity. Though this is
a second-order notion, we present it in an, as much as possible, first-order way.

I Definition 2. A signature is a set of symbols where each symbol f has a natural number
arity ar(f). An algebra for a signature comprises a carrier set A and a function from a set of
symbols mapping f to a function from Aar(f) to A. The elements of the carrier of the initial
algebra Trm are called terms.

We use f , g, h, . . . to range over symbols in a signature, t, s, u, . . . to range over terms, and
calligraphic names to denote algebras. Instead of saying of arity 0, 1, 2, . . . , we say nullary,
unary, binary, . . . . Below we often confuse a nullary symbol a with its induced term a(), and
a function from the unit type to A with its value in A. An algebra A assigns unique meaning
to a term t by initiality, which we denote by superscripting the term with the algebra tA .

Using our notational conventions, an algebra for a vector of symbols �f may be specified
as [ �f ∶= �b], where each bi is a function from Aar(fi) to A, for some carrier set A. We use
juxtaposition to denote algebra updates, for instance writing A[ �f ∶= �b] to denote A �[ �f ∶=�b].
We may even elide A if it is the term algebra, writing [ �f ∶= �b] instead of Trm[ �f ∶= �b].

Henceforth, we assume a set Var = {vi � i ∈ N+} of nullary variables to be part of our
signature.2 For �a a vector of elements of some carrier, we write [�a] to denote the algebra[v1, v2, . . . ∶=a1, a2, . . .], i.e. we leave the corresponding initial segment of the variables implicit.

I Example 3. The union, symbol and variable algebra are given for �A a vector of sets of sym-
bols by Sym(f)( �A) = {f}∪Union(f)( �A), Union(f)( �A) = � �A, and Var = Union[�v ∶=Sym(�v)],
respectively. For example, p(s(p(s(0))))Sym = {p, s,0} and s(p(v1))Var = {v1}.
We present the core algebras we use to define the notion of overlap geometrically via sets of
positions. We follow [23, Definition 8.6.3] in that a position can either be an edge position,
indicated by a bar p̄, used for addressing the edge toward a symbol, or a vertex position,
indicated by a circle p̊, used for addressing the symbol itself. Referring to [23] for details,
these are just two isomorphic copies of the usual set of positions, cf. e.g. [2, Definition 3.3].

I Example 4. The shift, tree and pruned tree algebras have as carrier vectors P = �P 1

P 2� of

sets of positions with the constraint that P 1 = {Á̄ � Á̊ ∈ P 2}, i.e. if P 2 contains the root vertex
Á̊, then P 1 is the singleton set {Á̄} containing the root edge, and the empty set otherwise.
The idea is that this first component is a state, keeping track of whether we are ‘inside’ a
pattern or not. The algebras are specified by giving a matrix interpretation [10] to an n-ary
symbol f :

Shift(f)( �P ) = ���� + �� �� {1}� ⋅ P1 + . . . + �� �� {n}� ⋅ Pn;

Tree(f)( �P ) = �{Á̄}{Á̊}� + � � �{1} {1}� ⋅ P1 + . . . + � � �{n} {n}� ⋅ Pn; and

PTree is Tree updated to map variables to ���� causing them to be ‘pruned away’,

where + and ⋅ are based on pointwise language union and product, respectively, cf. e.g. [15,
Supplementary Lecture A]. We refer to the first row P 1 of P as its external or root edge,

2 That is, we adjoin variables to the signature rather than to the terms as usual.

CVIT 2016

matrix interpretation in Kleene algebra (concatenation, union)



Rewriting as 3-phase process
matching, replacement, substitution

replace
t match `

π

r subst u

rule π ∶ `→ r

Example (rule π ∶ p(s(v1) → v1)

1. matching t = p(p(s(v))) gives let X =p(s(v1)) in p(X (v))
2. replacement step let X =π(v1) in p(X (v))
3. substituting let X = v1 in p(X (v)) yields p(v) = u

note: in example π is unary since ` is



Rewriting as 3-phase process
matching, replacement, substitution

replace
t ⊆ `

π

r subst u

rule π ∶ `→ r

Example (rule π ∶ p(s(v1) → v1)

1. matching t = p(p(s(v))) gives let X =p(s(v1)) in p(X (v))
2. replacement step let X =π(v1) in p(X (v))
3. substituting let X = v1 in p(X (v)) yields p(v) = u

note: in example π is unary since ` is



Rewriting on disjoint parts

ρ

⊆ subst

π

Example (rules π ∶ p(s(v1) → v1, ρ ∶ s(p(v1) → v1)

1. matching t = p(s(p(s(p(v))))) gives
let X ,Y =p(s(v1)), s(p(v1)) in X (p(Y (v)))

2. replacement let X ,Y =π(v1), ρ(v1) in X (p(Y (v)))
3. substituting let X ,Y = v1, v1 in X (p(Y (v))) gives p(v) = u



Confluence by Orthogonality (diamond of ○Ð→)

ρ

⊆

⊆

π
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Confluence by Orthogonality (diamond of ○Ð→)

ρ

⊆

ρ

π
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⊆ ⊆

π
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Confluence by Orthogonality (diamond of ○Ð→)

ρ

⊆

ρ

π

⊆

⊆

⊆ ⊆

π

⊆

ρ
π



Critical Peaks

Definition
a peak of steps is critical if its source is the union of their lhss

Example

Peak let X =π(v1) in X (p(v1)) and let Y =ρ(v1) in p(Y (v1))
is critical
it source p(s(p(v1))) has positions {ε̊, 1̄, 1̊,1⋅1̄,11̊1}
lhs let X =p(s(v1)) in X (p(v1)) has {ε̊, 1̄, 1̊}, and
lhs let Y = s(p(v1)) in p(Y (v1)) has {̊1,1⋅1̄,11̊1}
must overlap to be critical; here at 1̊

Peak let X =π(v1) in p(X (p(v1))) and
let Y =ρ(v1) in p(p(Y (v1))) is not critical: p ‘sticks out’
formally: vertex ε̊ is not in union of lhss



Critical Peaks

Definition
a peak of steps is critical if its source is the union of their lhss

Remark
Without overlap all could be done with so-called multisteps as well

crucial added expressive power lhs:
if π ∶ `→ r , then lhs of let X =π in s is let X = ` in s
not a term as for multisteps, but a term with identified pattern `

multisteps/proofterms were designed for representing permutation
equivalence, causally independent steps. overlap = dependence.
already breaks down for b ← a → c .



Rewriting on overlapping parts

subst⊆

π

Example (rules π ∶ p(s(v1) → v1, ρ ∶ s(p(v1) → v1)

1. matching on t = p(s(p(v))) gives
let X =p(s(v1)) in X (p(v))

2. both steps can be performed on the union of lhss:
let Z =p(s(p(v1))) in X (v)



Rewriting on overlapping parts

subst⊆
ρ

Example (rules π ∶ p(s(v1) → v1, ρ ∶ s(p(v1) → v1)

1. matching on t = p(s(p(v))) gives
let X =p(s(v1)) in X (p(v)) or
let Y = s(p(v1)) in p(Y (v))

2. both steps can be performed on the union of lhss:
let Z =p(s(p(v1))) in X (v)



Rewriting on overlapping parts

subst⊆
ρ

Example (rules π ∶ p(s(v1) → v1, ρ ∶ s(p(v1) → v1)

1. matching on t = p(s(p(v))) gives
let X =p(s(v1)) in X (p(v)) or
let Y = s(p(v1)) in p(Y (v))

2. both steps can be performed on the union of lhss:
let Z =p(s(p(v1))) in X (v)



Confluence by Development Closedness

Theorem○Ð→ has diamond property if all outer–inner critical peaks are
development closed

ρ

π

Φ

Example

critical peaks between π, ρ are development closed (trivial)



Confluence by Development Closedness

Theorem○Ð→ has diamond property if all outer–inner critical peaks are
development closed

Proof.
induction on amount of overlap with pièce de résistance:

ς

ρ

ς

π

Φ

blue step is inner so only overlapped by one red redex



Confluence by Development Closedness

Theorem○Ð→ has diamond property if all outer–inner critical peaks are
development closed

Proof.
induction on amount of overlap with pièce de résistance:

ς

ρ

ς

π

Φ

Φ is ○Ð→ step on identified part



Works in theory, not in practice?



Works in theory, not in practice?



Extension?

What about not left-linear first-order finite term rewriting?



Extension: non-left-linear

▸ parts f (x ,g(y)) and f (z , z) in h(f (g(a),g(a)))?
▸ geometric patterns {̊1,2⋅1̄,2⋅̊1} and {̊1} with

▸ homogeneity relation induced by repeated z : 1⋅1̄ ∼ 2⋅1̄
if related then also corresponding arguments

▸ union of parts is {̊1,1⋅1̄,1⋅̊1,2⋅1̄,2⋅̊1} with homogeneity

▸ terms modulo ∼ constitute a lattice (Smetsers):
t/∼1 ⊔ t/∼2 = t/(∼1 ∪ ∼2)∗ and t/∼1 ⊓ t/∼2 = t/(∼1 ∩ ∼2)

▸ union is Paterson and Wegman

▸ not a distributive lattice



Extension: higher-order

▸ pattern (Miller): restriction on higher-order terms such that
unification behaves as in first-order case

▸ idea: union of terms of patterns but intersection on variables
f (λxy .F (x)) union f (λxy .G(y)) is f (λxy .H), neither x nor y

▸ to be done . . .



Extension: graphs

▸ pattern: connected component

▸ idea: as in first-order term case (is embedded)

▸ warning (already in term graphs): patterns need not be convex
create redex below by contracting above

▸ to be done . . .



Extension: infinite terms

▸ same as for finite terms

▸ caveat: infinitely many subterms ↝ infinite arity
unify Dershowitz, Klop, . . . (deep) and Rodenburg (wide)?

▸ to be done . . .



Further Ideas: Modularity

▸ Confluence Constructor (Peeters)

▸ clusters allow to represent every layer as a single symbol
rank ↝ height

▸ factor modularity through non-height increasing TRS

▸ example: if rules are flat f (x⃗) → g(x⃗ ′) and confluent
then all terms are confluent



Conclusion

it works



Reviews?
N. Hirokawa, J. Nagele, V. van Oostrom and M. Oyamaguchi 23:13

(L̂JZ ∶=ŵK,–′)

�

„

�′

�

Â

(L̂lhs(–′),�)JZ ∶=�̂K

(L̂rhs(–′),�)JZ ∶=�̂K

(L̂lhs(–′),�)JZ ∶=�̂K

�′

(L̂,–′)JZ ∶=�̂K

�̂′

�̂′

outer-inner

IH

Figure 2 Outer–inner critical peak construction

(L̂,–′)JZ∶=�̂K, in the middle of the diagram.4
That sources and targets match up follows by technical but not di�cult calculations,

using the various algebraic laws for clusters and substitutions.
That the induction hypothesis applies follows again by a technical computation, essen-

tially using distributivity of the refinement lattice, to first express the overlap between �
and � via the overlap between its steps, then remove the overlap between „ and Â, and
add new overlap for �̂.
If the size of the skeleton of � �� is > 1, then � = �[x∶=�1]
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By the Decreasing Diagrams Theorem [20, 23] (for valleys), ○�→R is decreasing hence confluent,
from which confluence of →R follows by →R ⊆ ○�→R ⊆ �R . J

6 Experiments

The presented confluence criteria have been implemented in the confluence tool Saigawa
version 1.9.5 We used the tool to test the criteria on 329 left-linear TRSs in Cops6 Nos. 1–763,
where we ruled out duplicated problems. Out of 329 systems, 185 are known to be confluent
and 142 are non-confluent.
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The proof of Theorem 44 heavily relies on the figure.

Can you provide a proof which can be followed without

a figure? (Of course, this is not saying having a

figure is bad; it is always nice to have a figure

like the presented one to understand the lined

proof.)
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fundamental misunderstanding:
the figure is the proof, formal expressions for steps
sources and targets match up by construction
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