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Overview

E3 word problem

E deciding word problem by complete rewriting system

El a decidable word problem that cannot be completed

A changing (finite) presentation such that can be completed

H finite derivation type (fdt) as invariant wrt change of (finite) presentation
@ a decidable word problem with finite presentation not having fdt

each finite complete rewrite system has fdt
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String rewriting

Definition (SRS)

string rewrite system is a system S = (X, R), with X the alphabet, and R a set of rules
(I,r) with I,r € ©*, i.e. pairs of strings over ¥.

Bs = (I,R) with ¥ = {1,2}, R = {(121,212)}.

® rewrite step — is relation s/t — srt for (l,r) € Rand s,t € **;
e convertibility ~ is equivalence relation s ~ tif s +* t fors,t € ¥*.

+* is reflexive-transitive-symmetric closure of —; often identify S with —.

for B3, have 1211 — 2121 — 2212,212 /4 121, but 2212 ~ 1211 and 212 ~ 121. °*
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Word problem

word problem asks to decide ~ for given SRS.

deciding s ~7 t for Bs: answer no if s, t have different length; otherwise answer: s, t
connected in —-graph of strings of their length?
121 ~ 1 (different lengths), 2222 ~ 1111 (not connected), but 1211 ~ 2212 (before)

Theorem
there are SRSs for which word problem is undecidable.

This talk

if word problem is decidable, can this be shown by rewriting?
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reduce s,t to s/,t’ in normal form. answer s’ =7 t'.

® 121212 ~’ 212121. yes, since 121212 — s and 212121 — s for s = 212212 /4;
® 111 ~7 222. no, since 111 # 222 and both in normal form, 111 4 and 222 4;

e 21221 ~7 12212. no, idem ...
incorrect, sinces — 21221 and s — 12212 fors = 12121.
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deciding by rewriting is correct if rewrite system is complete.
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Deciding word problem by rewriting

deciding word problem s ~7 t by rewriting

reduce s,t to s/,t’ in normal form. answer s’ =7 t'.

deciding by rewriting is correct if rewrite system is complete.

1 is reflexive and symmetric, and transitive iff — confluent.

assuming s | t | u, we haves —>* v, t =>* v, and t —* w, u —* w, for some v, w. by
confluence fort —-* vand t —* w, thenv | w, hence s | t.
assuming s —* t, s —* u, we have t | s and s | u. by transitivity of joinability t J u. W
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Deciding word problem by rewriting

deciding word problem s ~7 t by rewriting

reduce s,t to s/,t’ in normal form. answer s’ =7 t'.

deciding by rewriting is correct if rewrite system is complete.

s~ tiffs < tiffs’ «* t/iffs’ [*t/iffs’ [ t/iffs’ =t.

Completion?

B3 is finite but not complete. can it be completed?

that is, can we find complete finite SRS B with same convertibility as B3, ~ = ~'?
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Completion

S =({a,b,c},{(a,a),(a,b),(a,c)}) not complete: — neither terminating nor confluent;
S = ({a,b,c},{(a,b),(a,c),(b,c)}) is complete and ~ = ~/.

SRS irreducible if for each rule (/,r), r /4 and I s_(,n-

Theorem

for every finite complete SRS S there is an irreducible finite SRS S’ with ~ = ~/,

H replace (/,r) by (/,r") with r' normal form of r;
E remove (/,r) if | rewritable by other rule; longer/more general reduction | —* r;
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S =({a,b,c},{(a,a),(a,b),(a,c)}) not complete: — neither terminating nor confluent;
S = ({a,b,c},{(a,b),(a,c),(b,c)}) is complete and ~ = ~/.

SRS irreducible if for each rule (/,r), r /4 and I s_(,n-

Theorem

for every finite complete SRS S there is an irreducible finite SRS S’ with ~ = ~/,

H replace (/,r) by (/,r") with r' normal form of r;
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Theorem (Kapur & Narendran)

there is no finite complete SRS B5 equivalent to Bs, i.e. such that ~' = ~

for a proof by contradiction, suppose B = ({1,2},R’) were to exist.
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B3 cannot be completed

Theorem (Kapur & Narendran)

there is no finite complete SRS B5 equivalent to Bs, i.e. such that ~' = ~

for a proof by contradiction, suppose B = ({1,2},R’) were to exist.

El by the previous theorem may assume B irreducible;

H w.l.o.g.(121,212) € R’;

El let L be the maximal length of the left-hand sides of B5;

O sets = 1171204212 and 5 = 212512151 jts converse;

Hs~s:

[ first step from s (3) rewrites substring 212 (2K12);

| if (2€12,x) € R’, then x —. contradicting Bj irreducible. |
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Extra symbol to the rescue

Y = ({1,2,2},{(12, ), (R1,2R), (222, 2R), (RR2, 12R)}) decides ~.
E.g. 21221 —” 2221 —” RR1 —” 22D and 12212 —” 2212 —" R2D.

What is the relationship between B3 and B5?

e ~ + ~ since different signatures;

no Birkhoff’'s theorem (equivalent <= provably equal <= convertible)
¢ induce presentations of same monoid. ({1,2} | 121 = 212) and

({1,2,2} |12 = 2,21 =2R,2R2 = PR, 2022 = 1DD)

by generators (1,...) and relations (121 = 212,...).
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monoid is structure M = (M, e, -) with e € M such that for all m,n,k e M

e-m=m
m-e=m
(m-n)-k=m-(n-k)

natural numbers with 0 and +;

® positive natural numbers with 1 and -;
® (unary) functions on some set with id and .;
® strings with e and juxtaposition;
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Monoid presentation

S = (X, R) SRS with convertibility ~, induces
e presentation (X | {/=r | (I,r) € R}) of monoid Ms = ([X*], [¢], [x]ly] — [x¥]);
® equivalenceclass [s] = {t|s ~t} of s € £*.

often identify S with induced presentation and monoid Mg.

* Sy = ({a},0) presents (N, 0, +);
e Sz =({a,b},{(ab,e¢),(ba,€)}) presents (Z,0,+);
e B4 presents same monoid as Bs; up to isomorphism
f defined by 1 — 1,2 — 2, 2 — 12 induces monoid isomorphism [s]..» — [f(s)]~
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Tietze transformation

for monoid presentation (X | R) Tietze transformation adds or removes:

® generator x with defining relation x = s;
¢ relation s =t if derivable s ~ t by other relations.

Example (Transforming presentations, 533 into 5%)

0
.
0
|

B ({1,2} 121 = 212);

({1,2,2} | 121 = 212, 2 = 12);

({1,2,2} | 121 =212, 2 = 12, 21 = 2D);

({1,2,2} 121 =212, 2 = 12,21 = 22,2D2 = RR);
(

2|
3|
4|
B ({1,2,2}|121=212,2 = 12,21 =22,2R2 = D2, PR2 = 1DD);



Tietze transformation

for monoid presentation (X | R) Tietze transformation adds or removes:

® generator x with defining relation x = s;
¢ relation s =t if derivable s ~ t by other relations.

Example (Transforming presentations, 533 into 5%)

0
.
0
|

B ({1,2} | 121 = 212);
B ({1,2,2}|121 =212, 2 = 12);
B ({1,2,2}|121 =212, 2 = 12, 21 = 2D);
O ({1,2,2} 121 =212,2 = 12,21 = 2D,2D2 = DD);
B ({1,2,2}|121=212,2 = 12,21 =22,2R2 = D2, RR2 = 1DD);
@ ({1,2,2}|12=1D2,R21 =22,2R2 = P2, RR2 = 1DD).
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Tietze transformation

for monoid presentation (X | R) Tietze transformation adds or removes:
® generator x with defining relation x = s;

¢ relation s =t if derivable s ~ t by other relations.

Theorem
finite presentations transformed into each other by finitely many transformations

Proof sketch.

assume S = (X | R), 8’ = (¥’ | R) present same monoid;

F1 homomorphisms (inverses) between S and S’ induced by f: ¥ — ¥'*, g : ¥/ — ¥*;
B (5,5 |R.X = g(x);

B (5,3 |Rx = g(x),R);

A (~,Y |R X =g(x),R,x = f(x)), and back again. ‘|
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Word problem via complete presentation

deciding word problem s ~’ t via complete presentation

transform s,t into s',t’ of complete presentation. decide s’ ~' t/ by rewriting.

Bs is decidable via complete presentation 35

is every decidable word problem, decidable via some complete presentation?

No (Squier). Sketch in rest of talk.
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Homotopy on conversions

Definition (Abstract rewrite system for conversion)

for SRS S = (X, R) its conversion ARS has
® strings in X* as objects;

e foreach p=(I,r) € RUR Y ands,t € T* a step spt : slt < srt;

conversion is a sequence of consecutive conversion steps. 1g is the empty conversion
on s. a diagram is a pair of conversions with same sources, targets.

Definition (Homotopic conversions)

homotopy generated by diagrams D is least equivalence relation ~ D D s.t.:
® closed under contexts;
® closed under concatenation;

contains (¢ - ¢~ 1, 1) for any conversion ¢ : s «<3* t;
contains (¢ - ¢, 9" - ¢') if ¢, steps orthogonal to each other, residuals ¢', ',
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Finite derivation type

S has finite derivation type (fdt) if there is a finite set of diagrams D such that all
conversions having same source, target are homotopic, i.e. ~-related.

fdt if identifying finitely many equational logic proofs, yields proof irrelevance

fdt is invariant under changing (finite) presentation

fdt invariant wrt each Tietze transformation. |
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A decidable monoid that does not have fdt

The monoid finitely presented by &1 = (X1,R1) with X1 = {a,b,t,x,y} and
R1 = {(xa, atx), (xt, tx), (xb, bx), (xy, €), (ab, ¢)

¢ does not have fdt;

* has complete (infinite) presentation (X1,R1 U {(at*b,€) | k > 1});

® has decidable word problem.
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every complete finite SRS has fdt;
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Complete finite SRSs have fdt

Theorem
every complete finite SRS has fdt;

set | ~ r for sides /, r of each critical pair diagram.
then suppose ¢ : s <™ t.

H letu: u —* U be path from u to its normal form v/;

Ho¢~s-s 1 ¢ -t-t1~s-t!; only dependent on s, t; independent of ¢!
El suffices to show ¢ ~ 1, for ¢ : v <+* v, v normal form;

A suffices to show ¢ - ¢, >~ 1, for ¢); : w —* v, v normal form;

H follows from pasting with local confluence diagrams for local peaks:

® if overlap then sides homotopic by critical pair homotopy;
® otherwise by definition of homotopy.

hence all conversions s «+* t homotopic to s - t~%, so to each other. sl
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Conclusion

Corollary

81 is decidable, but cannot be decided via any complete finite SRS.

Contrary to expectation, rewriting is not omnipotent.
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