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Substitution and bindings

β-reduction in the λ-calculus

A variable capture may lead to inconsistent results.

λy

@

λx

λy

@

y x

y ̸→ β

λy

λy

@

y y

α-Avoidance FSCD 2023 2023-07-05 2 / 20



Substitution and bindings

β-reduction in the λ-calculus

A variable capture may lead to inconsistent results.

λy

@

λx

λy

@

y x

y → β

λy

λz

@

z y

α-Avoidance FSCD 2023 2023-07-05 2 / 20



α-Avoidance

Question

Can α-conversion steps be avoided for a λ-term M

, by suitably α-converting it
up front, say to a term M′ such that no α-conversion step needs to be invoked
along any reduction from M′.

M →β N1 →β . . . →β Nk

≡α

M′ →βnaive N′
1

≡α

→βnaive . . . →βnaive N′
k

≡α

→β: ordinary β-step where we may (need to) apply α.

→βnaive : naïve β-step with naïve substitution (no α).

vaccination
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Variable capture

A naïve substitution leads to a variable capture whenever we:

1 naïvely contract a redex (λx.M) N where

(r-edge )

2 where some variable y occurs free in N

(a-edge )

3 is moved into M, where some x that is free

(b-edge )

4 is in the scope of a λy

(c-edge )

λy

@

λx

λy

@

y x

y

AST(λy.(λxy.y x) y)
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α via paths

arbc α-path

x @ λy y λx

@

λz

@

λx

@

λy

x

x

z

y
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α via paths
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y z

(λx.x x) (λyz.y z)

→β (λyz.y z) (λyz.y z)

→β λz.(λyz.y z) z

→β λz.(λz′.z z′)

need characterisation of created redexes

(arb)ic α-path

(x @ λy y )+ λx
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Created redexes

@

λx

@

x x

λy

λz

@

y z

(λx.x x) (λyz.y z)

→β (λyz.y z) (λyz.y z)

→β λz.(λyz.y z) z

→β λz.(λz′.z z′)

Legal paths (Asperti et al. 1994)

Characterise virtual redexes.
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α-Paths
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Combining a-, b- and c-edges with legal paths =⇒ (alb)ic α-path

Allows the prediction of the potential need for α.
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α-Avoidance in different calculi

λ-calculus

α is unavoidable

(λx.x x) (λyλz.y z)

→β (λyλz.yz) (λyλz.y z)

→β λz.(λyλz.y z) z

→α λz.(λy.λz′.y z′) z

→β λzλz′.z z′

3 phenomena causing α – absence of each allows to avoid α

i.e. we always can α-rename up front such that no α-paths occur
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α-Avoidance in different calculi

Developments are α-avoiding (Church and Rosser 1936)

No redex creation (r-edges are enough)

M
N

@p

λxp1

xp1s1t

yp2q

λyp1s

=⇒ no unremovable α-paths

Final λx-node at the left of the starting variable x

(xp2q @p λyp1 yp1s1t)+ λxp1s
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α-Avoidance in different calculi

The linear (affine) λ-calculus (Hindley 1989)

Forbids duplication by restricting term-formation

λxp

xq

→β

λxp
′

xq
′

p ▶ p′

q ▶ q′

✗✗

context p ▶ p if o is not prefix of p

body o11p ▶ op if p ̸= ϵ and p ̸= q

arg o2p ▶ oqp for all positions q,

such that o11q is bound by o1

=⇒ no unremovable α-paths

Lemma 19.

Let M be a linear λ-term, M →β N and q ≺ p for some positions p,q in M. If p ▶ p′

and q ▶ q′, then q′ ≺ p′.
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α-Avoidance in different calculi

The weak λ-calculus (Çağman and Hindley 1998)

Forbids to contract open redexes

λx

λy

x

@

y

→∗
β

x

@

λx

λy

y

“bound variables are never relased” =⇒ λy

open redex

a term with an unremovable α-path
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α-Avoidance in different calculi

The simply-typed λ-calculus à la Church

α is unavoidable

(λf τ→τxσ.f (f x)) (λxτyσzσ.x z y)

→β λx.(λxyz.x z y) ((λxyz.x z y) x)

→β λx.(λxyz.x z y) (λyz.x z y)

→β λxyz.(λyz.x z y) z y

→α λxyz.(λyz′.x z′ y) z y

→β λxyz.(λz′.x z′ z) y

→β λxyz.x y z

σ = o, τ = o → o → o

@

λf

λc

@

f @

f c

λx

λy

λz

@

@

x z

y
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α-Avoidance in different calculi

The safe λ-calculus (Blum and Ong 2007)

safety: if x ∈ FV(M), then ordM ≤ ord x.

ord o := 0

ordσ → τ := max(1 + ordσ, ord τ)

λx

λy

x

@

ya term with an unremovable α-path

→ analysing the safe λ-calculus as presented in (Blum and Ong 2009) using our tools, we found
that the claim that α could be avoided in it, was not entirely correct.
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α-Avoidance in different calculi

The safe λ-calculus (Blum and Ong 2007)

safety + combined abstractions and simultaneous substitution.

ord o := 0

ordσ → τ := max(1 + ordσ, ord τ)

λxy

x

@

y
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The safe λ-calculus (Blum and Ong 2007)

safety + combined abstractions and simultaneous substitution.

ord o := 0

ordσ → τ := max(1 + ordσ, ord τ)

ord y ≥ ord x

ord y < ord x✗

=⇒ cannot exclude variable capture

a more restrictive system needed
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Overview

1. Motivation

2. α-Paths

3. α-Avoidance in different calculi

4. Soundness and Undecidability

5. Conclusion and Future Work



Soundness, but not completeness

variable capture =⇒ α-path

Proven in our paper

α-path ≠⇒ variable capture

(λx.x x) (λyx.y z) is α-free

@

λx

@

x x

λy

λx

@

y z

(λx.x x) (λyx.y z)

→β (λyx.y z) (λyx.y z)

→β λx.(λyx.y z) z

→β λx.(λx.z z)
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Undecidability

Reduction from Post’s correspondence problem (Post 1946)

α-avoidance is undecidable for the leftmost–outermost reduction strategy.

(PCP PAIRS AA BB) (λxyz.(x z) y)

solution no solution

AA (λxyz.(x z) y) BB (λxyz.(x z) y)

(λabx.a (a x)) (λxyz.(x z) y)α-unavoidable λbx.b (b x)α never needed

AA . . . encoding of string “aa” BB . . . encoding of string “bb”
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α-Avoidance – Tool

Try it out:
http://195.201.17.253:5050/

α-Avoidance FSCD 2023 2023-07-05 19 / 20

http://195.201.17.253:5050/


α-Avoidance – Tool

Try it out:
http://195.201.17.253:5050/

α-Avoidance FSCD 2023 2023-07-05 19 / 20

http://195.201.17.253:5050/


Conclusion & Future Work

Known results...

from a new perspective/novel approach

Completeness

Find a complete characterisation for α-avoidance via (α-)paths

Undecidability

Do we have general undecidability of α-avoidance?

Alpha “circumvention”

Given some λ-term M, find a maximal reduction sequence where α is never
needed.
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Thank you for your attention!
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Correspondence to binding–capturing chains in µ

The modal µ-calculus (Kozen 1983)

Unfolding does not create new redexes (Endrullis et al. 2011).

µx

x

y x

µy −−−−−→
t(µx.M)

@

@

λa

λf

@

f @

@

a a

f

λa

λf

@

f @

@

a a

f

λx

M

y x

λy
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The safe λ-calculus

Claim, assuming the safe variable naming convention

Variable capture is guaranteed not to happen (Blum and Ong 2009).

(var)
x : A ⊢s x : A

(const) ⊢s f : A
f : A ∈ Ξ (wk)

Γ ⊢s M : A

∆ ⊢s M : A
Γ ⊂ ∆ (δ)

Γ ⊢s M : A

Γ ⊢asa M : A

(appasa)
Γ ⊢asa M : A → B Γ ⊢s N : A

Γ ⊢asa M N : B
(app)

Γ ⊢asa M : A → B Γ ⊢s N : A

Γ ⊢s M N : B
ord B ≤ ord Γ

(abs)
Γ, x1 : A1, . . . , xn : An ⊢asa M : B

Γ ⊢s λx
A1
1 . . . xAnn .M : (A1, . . . ,An,B)

ord (A1, . . . ,An,B) ≤ ord Γ

A term where α is needed can be derived: ⊢s (λf (o,o,o)yo.f y) (λxoyo.x)

(λfy.f y) (λxy.x) →βsim λy.(λxy.x) y →βsim λy.λy′.y
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The safe λ-calculus

Counterexample: ⊢s (λf (o,o,o)yo.f y) (λxoyo.x)

α is needed although the term is safe and the naming convention is followed.

@

λf (o,o,o)

λyo

@

f y

λxo

λyo

x
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The safe λ-calculus

Solution

A more restrictive set of rules forbidding ”almost-safe” constructions.

(var) {x : A} ⊢sα x : A
(const) ⊢sα f : A

f : A ∈ Ξ (wk)
Γ′ ⊢sα M : A

Γ ⊢sα M : A
Γ′ ⊂ Γ

(app)
Γ ⊢sα M : (A1, . . . ,An,B) Γ≥m ⊢sα N1 : A1 . . . Γ≥m ⊢sα Nj : Bj

Γ ⊢sα MN1 . . . Nj : B
m = ord B

(abs)
Γ≥m ∪ {x1 : A1, . . . , xn : An} ⊢sα M : B

Γ ⊢sα λx1 . . . xn.M : (A1, . . . ,An,B)
m = ord (A1, . . . ,An,B)

Long-safety

These rules correspond to the typing rules for long-safe terms (Blum 2009; Blum
and Ong 2009).
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Naïve β-step

M Jx := NK (capture-avoiding) [x := N] (capture-permitting)

x N N

y y y

e1 e2 e1Jx := NK e2Jx := NK e1[x := N] e2[x := N]

λx.e λx.e λx.e

λy.e λy.eJx := NK if y ̸∈ FV(N) λy.e[x := N]

λz.eJy := zKJx := NK else with z fresh for e and N.

Definition

(λx.M)N →βnaive M[x := N]
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Variable names are irrelevant

De Bruijn’s lambda notation (Bruijn 1972)

Exclusively work with (representatives of) α-equivalence classes of λ-terms

λa

@

λx

λa

@

a x

a

λ

@

λ

λ

@

1 2

1 ̸→ β

λ

λ

@

1 1

α-Avoidance FSCD 2023 2023-07-05 7 / 7



Variable names are irrelevant

De Bruijn’s lambda notation (Bruijn 1972)

Exclusively work with (representatives of) α-equivalence classes of λ-terms

λ

@

λ

λ

@

1 2

1

λ

@

λ

λ

@

1 2

1 ̸→ β

λ

λ

@

1 1

α-Avoidance FSCD 2023 2023-07-05 7 / 7



Variable names are irrelevant

De Bruijn’s lambda notation (Bruijn 1972)

Exclusively work with (representatives of) α-equivalence classes of λ-terms

λ

@

λ

λ

@

1 2

1 ̸→ β

λ

λ

@

1 1

α-Avoidance FSCD 2023 2023-07-05 7 / 7



Variable names are irrelevant

De Bruijn’s lambda notation (Bruijn 1972)

Exclusively work with (representatives of) α-equivalence classes of λ-terms

λ

@

λ

λ

@

1 2

1 → β

λ

λ

@

1 2

α-Avoidance FSCD 2023 2023-07-05 7 / 7


	Motivation
	Substitution and bindings
	Alpha-avoidance
	Variable capture
	Created redexes

	-Paths
	Alpha-paths

	-Avoidance in different calculi
	Three phenomena
	Developments
	The linear lambda-calculus
	The weak lambda-calculus
	The simply-typed lambda-calculus
	The safe lambda-calculus

	Soundness and Undecidability
	Conclusion and Future Work
	Appendix
	Correspondence to binding–capturing chains in modal mu-calculus
	The safe lambda-calculus – Counterexample
	De Bruijn's lambda notation



