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Substitution and bindings

G-reduction in the \-calculus

A variable capture may lead to inconsistent results.
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a-Avoidance

M —p N1 =3 ... =3 Ny

—g: ordinary -step where we may (need to) apply a.
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a-Avoidance

Can a-conversion steps be avoided for a A\-term M
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a-Avoidance

Can a-conversion steps be avoided for a A-term M, by suitably a-converting it
up front, say to a term M’
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a-Avoidance

Can a-conversion steps be avoided for a A-term M, by suitably a-converting it
up front, say to a term M’ such that no a-conversion step needs to be invoked
along any reduction from M’.
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Variable capture

A naive substitution leads to a variable capture whenever we:
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« Via paths
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« via paths
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Created redexes

(Ax.xx) (A\yz.y 2)

—s (A\yzyz)(\yzyz)
—g Az.(\yzy2z)z

Legal paths (Asperti et al. 1994)

Characterise virtual redexes.

B universitdt ., avoidance FsCD 2023 2023-07-05 o



Created redexes

(Ax.xx) (A\yz.y 2)
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Overview

2. a-Paths



a-Paths

AX 2 (Mx.xx) (\yz.y z)
| | S5 (Wzyz)(Oyzy2)

/ \ ‘ —g Az.(\yzyz)z
» 5 Az (\Z.zZ)

Combining a-, b- and c-edges with legal paths —> (alb)'c a-path

Allows the prediction of the potential need for a.
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a-Paths
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a-Avoidance

Can a-conversion steps be avoided for a A-term M, by suitably a-converting it up
front, say to a term M’ such that no a-conversion step needs to be invoked along
any reduction from M’.

M —B N1 —B ... 8 Ny

o —« —«

/ / /
M —>8naive Nﬁﬁnaive tt _>5naiv,evk

—g: ordinary 3-step where we may (need to) apply o.
—B.ve. Naive f-step with naive substitution (no ).
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Overview

3. a-Avoidance in different calculi



a-Avoidance in different calculi

A-calculus

o« is unavoidable

(Ax.x x) (AyAz.y z)

=5 (AyAz.yz) (A\yAz.y z)

—3 Az.(AyAzy z) z
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a-Avoidance in different calculi

A-calculus

o« is unavoidable

(Ax.x x) (AyAz.y 2)

) duplication
=5 (AyAz.yz) (A\yAz.y z)

) redex creation
—3 Az.(AyAzy z) z
) open redex contraction

—a Az.(Ay Ny Z)z

—g Az\Z.zZ

i.e. we always can a-rename up front such that no a-paths occur

.i“n”n"s’gﬁa'ctﬁt a-Avoidance FSCD 2023  2023-07-05 10/20



a-Avoidance in different calculi

Developments are a-avoiding (Church and Rosser 1936)

No redex creation (r-edges are enough)
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a-Avoidance in different calculi

The linear (affine) \-calculus (Hindley 1989)

Forbids duplication by restricting term-formation
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a-Avoidance in different calculi

The linear (affine) \-calculus (Hindley 1989)

Forbids duplication by restricting term-formation

/

AxP p»p AP’ context pw»p if 0 is not prefix of p
body ollpw»op ifp#eandp#q
L% arg o02p » ogp for all positions q,
B such that 011q is bound by ol
arq ;
x4 x4 = no unremovable a-paths

Let M be a linear \-term, M —3 N and q < p for some positions p,q in M. If p » p’
andg» g, thenqg’ < p'.
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a-Avoidance in different calculi

The weak \-calculus (Cagman and Hindley 1998)

Forbids to contract open redexes

AX
Ay
X
(«
a term with an unremovable a-path y
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a-Avoidance in different calculi

The weak \-calculus (Cagman and Hindley 1998)

Forbids to contract open redexes

“bound variables are never relased” = My

AX
©
_>*
A B
Y AX y
X Ay open redex
¢
a term with an unremovable a-path y
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a-Avoidance in different calculi

The simply-typed \-calculus a la Church

« is unavoidable

(@

(AMfT77x7f(FX)) (AXTy?27 xzy) / \

A AX

\ \

Ac Ay

\ \

G Az

/ N\ |

f (© @
/N / N\

f C @ y
0c=0,T=0—30—0 / \

X V4
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The simply-typed \-calculus a la Church

« is unavoidable

(AMT77X7f(F X)) (AXTy?z7 xzy) = \
M AX
\ \
AC AY
\ \
C] Az
/ N\ |
f )o ©
7\ / N\
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a-Avoidance in different calculi

The simply-typed \-calculus a la Church

« is unavoidable

(MT2TXf (FX)) (AXTy727 . xzy) = <
—p  M.(Axyzxzy) (Axyzxzy)x) ).‘f /\‘X
—5  MX.(\xyzxzy)(Ayzxzy) e Ay
—5  Mxyz.(\yz. \ \

s Myz(lyzxzy)zy o N
—a Az (\yZxZy)zy 7\ |
—5 Mxyz.(\ xZ z f )e ©

s wzrxzz)y /N /N
—g AXyz.Xyz F c 0 y

/ N\

0c=0,T=0—30—0
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a-Avoidance in different calculi

The safe A\-calculus (Blum and Ong 2007)

safety: if x € FV(M), then ord M < ord x.

AX
ordo:=0

ordo — 7 := max(1 + ordo,ord )
AY

¢

a term with an unremovable a-path y
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a-Avoidance in different calculi

The safe \-calculus (Blum and Ong 2007)
safety: if x € FV(M), then ord M < ord x.

AX

ordo:=0
ordo — 7 := max(1 + ordo,ord )

Ay
ordy > ord x
ord (\y.t) < ordx X
ordy < ordx @
/ — no a-paths a term with an unremovable a-path y

— analysing the safe A-calculus as presented in (Blum and Ong 2009) using our tools, we found
that the claim that « could be avoided in it, was not entirely correct.

W universitat
b

innsbruck ~ ©-Avoidance FSCD 2023  2023-07-05 15/20



a-Avoidance in different calculi

The safe A\-calculus (Blum and Ong 2007)

safety + combined abstractions and simultaneous substitution.

AXy
ordo:=0

ordo — 7 := max(1 + ordo,ord )
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a-Avoidance in different calculi

The safe \-calculus (Blum and Ong 2007)

safety + combined abstractions and simultaneous substitution.

AXy
ordo:=0

ordo — 7 := max(1 + ordo,ord )

ordy > ord x
ordyX ord x X

— cannot exclude variable capture

a more restrictive system needed
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Overview

4. Soundness and Undecidability



Soundness, but not completeness

variable capture — a-path

Proven in our paper O
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Soundness, but not completeness

variable capture — a-path

Proven in our paper O

«a-path == variable capture

(Ax.xx) (\yx.y z) is a-free

@
RN
Ax % (Ax.xx) (A\yx.y z)
—5  (A\yx.yz)(\yx.yz)
e AX —5 M. (Ayx.yz)z
/N | | AT
X X o —p  MX.(IAx.zZ2)
7N\

y z
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Undecidability

Reduction from Post’s correspondence problem (Post 1946)

a-avoidance is undecidable for the leftmost-outermost reduction strategy.

(PCP PAIRS AA BB) (Axyz.(xz)y)

AA ... encoding of string “aa” BB ... encoding of string “bb”
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Undecidability

Reduction from Post’s correspondence problem (Post 1946)

a-avoidance is undecidable for the leftmost-outermost reduction strategy.

(PCP PAIRS AA BB) (Axyz.(x 2)

solutlon/ \O solution

A (Axyz.(x 2) B (Axyz.(x 2)

«a-unavoidable ‘ ‘ « never needed

AA ... encoding of string “aa” BB ... encoding of string “bb”
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Overview

5. Conclusion and Future Work



a-Avoidance - Tool

Alpha Avoidance

Untyped Term:
/x.xx) (/y 2.y 2)

UT = (UT) | /x o ylUT [ UT T |

Max depth:

16 g

« Variable capture: Yes, unavoidable
« Safe naming: Yes.

« Typable: Not Typable.

« Linear: No.

Samuel Frontull/ Georg Moser / Vincent van Oostrom

Term

Reduction

(OxX %) (Aydzy 2)

!

(yAzy 2) Oyhzy 2)

|

h(yhzy7)z

|

Nzap_lzp 1

Term: (Ix.x X) (ly z.y z)

Unavoidable

2e1001

Ay el Azelo

i1

@e

\

Xe001
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a-Avoidance - Tool

Unavoidable

Alpha Avoidance
Try it out:
http://195.201.17.253:5050/

Untyped Term:
(/x.x %) {1y 2.y 2)

UT = WD) | /o yUT T T x A.OyAZY )7 Yel000
Max depth: l L T \
16 B Azap_lzp_1 ayel Az elo
!
@

« Variable capture: Yes, unavoidable l T

« Safe naming: Yes. Ax 0

« Typable: Not Typable.

z
« Linear: No. l
X0

Term: (Ix.x X) (ly z.y z)

Samuel Frontull/ Georg Moser / Vincent van Oostrom
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Conclusion & Future Work

from a new perspective/novel approach

Completeness

Find a complete characterisation for a-avoidance via (a-)paths

Undecidability

Do we have general undecidability of a-avoidance?

Alpha “circumvention”

Given some A-term M, find a maximal reduction sequence where « is never
needed.
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Thank you for your attention!
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Correspondence to binding-capturing chains in u

The modal y-calculus (Kozen 1983)

Unfolding does not create new redexes (Endrullis et al. 2011).

/ 2 \
Q AX
7N '
Aa Aa
. ! | Ay
AF AF
H l l y X
: - © (¢]
: ot 7 \ / \
d foe'v f o
vy / \ / \
© f (] f
/ N\ / N\
a a a a
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The safe A\-calculus

Claim, assuming the safe variable naming convention

Variable capture is guaranteed not to happen (Blum and Ong 2009).

¢ foae= « FFSM:Ar A 5 FFEsM:A
var)  arixa (omst) i pfrAeE (wk) rraTC O rroma
[FasaM:A—B TFsN:A [FasaM:A—B TFEsN:A dB < ordl

(appasa) [ Fasa MN: B (app) FFMN:B ora e = or

[ x1:A1,...,Xn : AnFasa M : B
M s MG XM 2 (A1, ..., An, B)

(abs) ord (A1,...,An,B) <ordT
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The safe A\-calculus

Claim, assuming the safe variable naming convention

Variable capture is guaranteed not to happen (Blum and Ong 2009).

¢ fAcs « rI—SM:Ar A 5 FsM:A
var)  arixa (omst) i pfrAeE (wk) rraTC O rroma
[FasaM:A—B TFsN:A [FasaM:A—B TFEsN:A
dB<ordT
(@PPasa) M Fos MN - B (app) FF-MN:B ora e = or

Mx1:A1,....,Xn :Apbasa M : B

ord (Ai1,...,An,B) <ordTl
[ e A XM : (A, ..., An, B) (A n6)

(abs)

A term where « is needed can be derived: s (Af(°%9)y° f ) (Ax°y°.x)

(My.fy) (Axy.x) =g, AY-(Axy.X)y =5, AV Ay
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The safe A\-calculus

Counterexample: —; (Af(%:2°)y° fy) (Ax°y°.x)

« is needed although the term is safe and the naming convention is followed.

AF(0:0.0) Ax°
Ay° LAY
| |7
£
(] X
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The safe A\-calculus

A more restrictive set of rules forbidding "almost-safe” constructions.

(const) ———— f: A€ = (Wk)i_zl"cl'

var
(var) Fsa F1 A

{X:A}bsax:A

[MFsa M: (A1,<-~,An,B) er Fsa N1 1AL ... er Fsa N; : Bj

m = ordB
FFSQMNI...NJ:B

(app)

MomU{x1:Aq,..., Xn :An} Fsa M:B

r }*5(\ AXl...X,—,.M . (Al,...,An.B)

(abs) m = ord (A1, ...,An,B)

These rules correspond to the typing rules for long-safe terms (Blum 2009; Blum
and Ong 2009).
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Naive [3-step

M | [x := N] (capture-avoiding) [x := N] (capture-permitting)
X | N N
Y|y y
ere; | eifx :=N]ez]x :=N] ei[x := N]ez[x := N]
Ax.e | Ax.e Ax.e
Ay.e | \y.e[x :=N]ify & FV(N) Ay.e[x == N]
Az.ely := z]|[x := N] else with z fresh for e and N.

(MM)N =5 M[x = N]J

.i“nnn"s’glfa'gﬁt a-Avoidance FSCD 2023  2023-07-05 6/7



Variable names are irrelevant

De Bruijn’s lambda notation (Bruijn 1972)

Exclusively work with (representatives of) a-equivalence classes of A-terms
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Variable names are irrelevant

De Bruijn’s lambda notation (Bruijn 1972)

Exclusively work with (representatives of) a-equivalence classes of A\-terms

A
\
: %
VRN \
A 1 # B |
|
o
? VRN
o 1 1
VRN
1 2
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Variable names are irrelevant

De Bruijn’s lambda notation (Bruijn 1972)

Exclusively work with (representatives of) a-equivalence classes of A\-terms

A
(‘Q A
RN \
A 1 — |
|
o
? VRN
. 1 2
VRN
1 2

W universitat
b

innsbruck «-Avoidance FSCD 2023  2023-07-05 717



	Motivation
	Substitution and bindings
	Alpha-avoidance
	Variable capture
	Created redexes

	-Paths
	Alpha-paths

	-Avoidance in different calculi
	Three phenomena
	Developments
	The linear lambda-calculus
	The weak lambda-calculus
	The simply-typed lambda-calculus
	The safe lambda-calculus

	Soundness and Undecidability
	Conclusion and Future Work
	Appendix
	Correspondence to binding–capturing chains in modal mu-calculus
	The safe lambda-calculus – Counterexample
	De Bruijn's lambda notation



