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Abstract. A rewrite sequence is said to be outermost-fair if every outer-
most redex occurrence is eventually eliminated. Outermost-fair rewriting
is known to be (head-)normalising for almost orthogonal rewrite systems.
We study (head-)normalisation for the larger class of weakly orthogonal
rewrite systems. (Infinitary) normalisation is established and a coun-
terexample against head-normalisation is given.

1 Introduction

The term f(a) in the term rewrite system {a — a, f(z) — b} can be rewritten
to normal form b, but is also the starting point of the infinite rewrite sequence
fla) = f(a) — .... It is then of interest to design a normalising strategy, i.e. a
restriction on rewriting which guarantees to reach a normal form if one can be
reached. How to design a normalising strategy? Observe that in the example the
normal form b was reached by contracting the redex closest to the root, a so-
called outermost redex. An outermost strategy restricts rewriting to contraction
of outermost redexes. The idea of this strategy is that outermost redexes cannot
‘disappear’ hence must be contracted in order to reach a normal form. There are
two problems with this idea:

1. Consider the TRS {a — a,b — ¢, f(z,¢) — d}. Then f(a,b) — f(a,b) by
contraction of the outermost redex a. However, f(a,b) — f(a,c) — dis a
reduction to normal form.

2. Consider the TRS {a — b, f(a) — f(a)}. Then f(a) — f(a) by contraction
of the f(a)-redex. However, f(a) — f(b) is a reduction to normal form.

The problem in (@) is that the outermost strategy which always contracts the
redex a is not fair in the sense that the other outermost redex b persists forever.
Hence we will restrict attention to fair outermost strategies. The problem in (H)
is that the outermost redex f(a) has overlap with the non-outermost redex a,
and contracting them gives rise to distinct terms (f(a) and f(b) respectively).
Hence we will restrict attention to weakly orthogonal term rewrite systems, where
overlap may occur but does not give rise to distinct terms (see Examplel). These
two restrictions suffice to establish our first result.

Theorem 1. Outermost-fair strategies are normalising for weakly orthogonal
term rewrite systems.
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Theorem H closes the gap between normalisation for almost orthogonal (see
Def. H) term rewrite systems [EEZaE5590] and non-normalisation for rewrite
systems having overlap between a step making ‘progress towards the normal
form’ and a step making ‘no(t as much) progress’, see e.g. (2) above and [E255].

In lazy functional programming (weak) head-normal forms, not normal forms,
are computed [PéV8A. After computing a head-normal form, one zooms in on
the subterms and the process repeats itself. In this way it is possible to compute
(with) potentially infinite data structures, e.g. the list of prime numbers. The
obvious question then is: are outermost-fair strategies head-normalising?

By the same proof method as that of Theorem B we obtain our next result,
generalising the first-order result of [Madtd].

Theorem 2. Outermost-fair strategies are head-normalising for almost orthog-
onal term rewrite systems.

Surprisingly, head-normalisation cannot be extended from almost to weak or-
thogonality as witnessed by Counterexample . Nevertheless, we do have:

Theorem 3. Outermost-fair strategies are infinitary normalising for weakly or-
thogonal term rewrite systems.

That is, infinite normal forms will be found if they exist; a result which usually
is obtained as a corollary of head-normalisation. Before presenting the outline
of the paper, let’s first present a summary of the results:

almost orthogonal| TRS PRS weakly orthogonal| TRS and PRS
normalising |+ [z [+ [EaasH] normalising| + Thm [ll
oo-normalising|+ [Mad92]{ + Thm H oo-normalising| + ThmH

head-normalising|+ [EEZ] | + Thm B head-normalising|— Counterex Hl

By ‘term rewrite system’ in this paper we mean ‘fully extended higher-order
pattern rewrite system’ (PRS, see e.g. [RaaJl]). For the sake of exposition only
definitions for the first-order case are presented, but replacing them by their
higher-order equivalent preserves the results. For example, Theoreml generalises
the normalisation result obtained in from almost to weakly orthogonal
PRSs. By ‘TRS’ a first-order term rewrite system is meant.

Section B introduces the contribution relation induced by a rewrite step. In
Section B which is the (technical) heart of the paper and based on a (re)combina-
tion of ideas from [SESHJERSAEIT and [HA55, three notions are formalised
based on the contribution relation: essentiality, a measure, and the projection. It
is shown that any rewrite sequence can be transformed into an essential one, i.e.
a sequence where every step contributes to the result. Rewrite sequences will be
measured by, roughly, counting the number of essential steps. It will be shown
that both the transformation and the projection of the rewrite sequence over
another one will decrease the measure. Readers not interested in technicalities
can skip to Sections l and B where our main results and its corollaries are
presented.

We assume the reader to be familiar with term rewriting, e.g. [RRSH]. For
background information on outermost-fair rewriting and its normalisation the
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reader should consult [ROd9d] and [Baat%d or the paper by Van Raamsdonk on
higher-order rewriting in this volume.

2 Terms and Trees

In this section some notations are fixed and the contribution relation induced
by a term rewrite system is defined. It is important to note that throughout this
paper all term rewrite systems are (assumed to be) left-linear.

We use s, t, 7, | to range over terms, which are built from variables (z, y, z)
and function symbols (f, g, h, a, b, ¢). The rewrite (step) relation generated by
a TRS R is denoted by —%. We use u, v to range over rewrite steps, and d, e to
range over rewrite sequences. A collapsing rule is a rule whose right-hand side
is a single variable. We use < to denote the usual prefiz relation on positions (o,
p, q). It is a well-founded partial order with least element e, the root. If o < p
then we say o is outside/above p and p is inside/below o. We use o, 7 to range
over substitutions.

A A

prefix component subterm orthogonal

Fig. 1. Term parts.

Definition 1. 1. A linear term encompassed [EEEA, p. 166] by a term s is a
component of s, where we (may) assume that s contains no variables.

2. By an occurrence of an object, e.g. a component, we formally mean a pair
consisting of a term and the object in that term. Such a pair is called a
marked term and the object its mark. Notions for terms are extended to
notions for marked terms via the first projection. A head-component or prefix
is a component occurring at the head (root).

3. A redex is a pair consisting of a component occurrence of the left-hand side
of some rule, and the rule itself. We identify redexes with their induced step.

Performing the obvious replacements in the definition of a notion for ordinary
rewriting yields the corresponding head-notion, e.g. a head-redex is a redex hav-
ing a head-component.

Ezample 1. Some components of g(f(a, a)) are the component x at any position,
three components g(z), g(f(a, x)), and g(f(a, a)) all occurring at the root, f(z,y)
and f(z,a) at position 1, and a at both 11 and 12. Some non-components of
9(f(a,a)) are f(x,z) and the ‘component’ consisting of the two occurrences of
a. Among these only z, g(x), g(f(a,x)), and g(f(a,a)) are prefixes.
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We assume the reader to be familiar with the correspondence between terms
and trees.We introduce two relations on trees induced by term rewrite steps: the
copy and the contribution relation. The idea of the copy relation is to relate the
‘context’ part and the ‘substitution’ part of a rewrite step to ‘themselves’. On top
of this, the contribution relation relates the ‘destroyed’ part to the ‘created’ part.
This is abstractly illustrated in Figure ll We define the relations by means of two

origin ------------- residual

= contribution
ancestor descendant

Fig. 2. Abstract copy (dashed) and contribution (dashed and dotted).

examples, since the formal definitions are cumbersome and largely irrelevant. On

e
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Fig. 3. Concrete copy (dashed) and contribution (dashed and dotted).

the left in Figure H the step f(g(h(b),a)) — f(g(a,a)) due to the rewrite rule
g(h(x),y) — g(y,y) is displayed. Both vertices g and h and the edge between
them contribute to g. On the right the step f(g(a)) — f(a) due to the collapsing
rewrite rule g(x) — x is shown. The vertex g contributes to the edge between f
and a. In both steps f and a and the edges connected to them are copied.

Observe that we are minimalistic in the sense that the edges connecting the
component of a redex to its surroundings do not belong to the component, so are
copied and not destroyed/created by the rewrite step. Note furthermore that the
copy relation is ‘type-preserving’ in the sense that it relates vertices to vertices
and edges to edges only. Unfortunately, this is not true for the contribution
relation, but this seems unavoidable if one wants to deal with collapsing rules in
a way respecting Lévy labelling [Lawcy], cf. also [REAGN]

! The higher-order relations can be retrieved from [EASGAEAST] and [Eas].
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The copy and contribution relation for redexes are defined via their compo-
nents, on which the relation must be a tree isomorphism in case of the copy
relation. The contribution and copy relation induced by a rewrite sequence are
obtained via the relational composition of the corresponding relations induced by
the constituting steps. The empty rewrite sequence induces the identity relation
both for contribution and for copy.

If some occurrence of an object, i.e. a position, prefix, component, redex,
or set of those, is related by the contribution (copy) relation to another such
occurrence, then the former is called an ancestor (origin) of the latter (along
the rewrite sequence) and the latter a descendant (residual) of the former (after
the rewrite sequence). By the ancestor of a rewrite sequence, the ancestor of
the whole final term in the initial term is meant. Let O be any object. An O
sequence/QO chain is a marked rewrite sequence such that every mark is an O
and is the ancestor/origin of the mark of its successor (if any).

Definition 2. A left-linear term rewrite system is orthogonal, if it has no criti-
cal pairs [IOGN. If all critical pairs are trivial, i.e. of the form (s, s), (and arise
from head-steps) the term rewrite system is weakly (almost) orthogonal.

Ezample 2. Combinatory logic is orthogonal. Parallel or {or(z,T) — T,
or(T,x) — T,or(F,F) — F}, is almost orthogonal, since the only critical
pair (T, T) is trivial and arises from overlap at the head: T < or(T,T) — T.
Prede/successor {p(s(x)) — z, s(p(x)) — x}, is weakly orthogonal since its left-
hand sides are linear, and it has critical peaks s(z) < s(p(s(z))) — s(z) and
p(x) «— p(s(p(x))) — p(x) giving rise to trivial critical pairs (s(z), s(z)) and
(p(e), p(a))

3 Essentiality, a Measure, and the Projection

Suppose one is interested in only a component of the final term of a rewrite
sequence. Our goal will then be to extract from the sequence the steps which
are essential for the component while discarding the inessential ones. In this
section we show how this can be done in case the component one is interested
in is a prefix. After that we introduce two concepts auxiliary to the proof of
Theorem W, but interesting in their own right: measure and projection. Our
notion of essentiality and its properties are an adaptation of [EZR32] to the non-
orthogonal case. We illustrate it by means of an example.

Ezample 3. Consider a TRS having rules {a — b, f(z,y) — g(x, z)} and suppose
one is interested in the whole final term g(b, b) of the rewrite sequence f(a,a) —
f(bya) — f(b,b) — g(b,b). The third step f(b,b) — ¢(b,b) is essential since it
creates g by means of the rule f(z,y) — g(x, x). The second step f(b,a) — f(b,b)
is not essential since the second argument of f is erased in the third step, hence
this step should be discarded. The first step f(a,a) — f(b, a) is essential, since
it contributes to both b’s occurring in the final term; the first step creates b via
the rule a — b, then b is copied once in the second step, and finally copied twice
in the third step. The extracted sequence will be f(a,a) — f(b,a) — g(b,b).
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Suppose now we are interested only in the head symbol g in the final term
of the rewrite sequence f(a,e) — g(a,a) — g(b,a). The second step g(a,a) —
g(b, a) is not essential since we are not interested in the b, hence this step should
be discarded. On the other hand, the first step f(a,e) — g(a,a) is essential
since it contributes to g; ¢ is created in the first step by means of the rule
f(z,y) — g(x,x), and just copied in the second step.

Suppose that the first rewrite step in a sequence does not contribute to a
given component in the final term, whereas all the others do. This implies that
the step is orthogonal to the ancestor of the component, and in particular to all
the rewrite steps in the sequence. The classical [BaS3H] idea is then to use the
fact that orthogonal rewrite steps commute [ESERAEETA] to permute [EEE
the non-contributing rewrite step towards the tail of the rewrite sequence.

Ezample 4. Consider the rewrite sequence f(a,e) — f(b,e) — ¢(b,b) in the
TRS of Example B If we are interested in g in the final term, then the second
step does, but the first step does not contribute to it, hence they should be
permuted. After ‘permutation’ we have f(a,e) — g(a,a) — g(b,a) — g(b,b),
where the last two steps do not contribute to g hence we take the origin of g
along them, resulting in the sequence f(a,e) — g(a,a).

The example shows that permuting redexes which are nested, i.e. one is inside
an argument of the other, may lead to multiplication; the example witnesses
duplication of the a-redex. We deal with this phenomenon by introducing a
simultaneous rewrite relation —e— which allows to perform several orthogonal
steps simultaneously, e.g. g(a,a) —e— g(b,b) by contracting the two orthogonal
a-redexes simultaneously.

Definition 3. Two sets of positions are non-overlapping if they are disjoint.
Two redezes, a set of redexes, and a set of rewrite steps are non-overlapping if
their components are, every pair of distinct elements is, and its set of redexes
is, respectively. Since we assume all (underlying) rules to be left-linear we often
use orthogonal instead of non-overlapping (see Figure ll).

One can give an inductive definition of performing a non-overlapping set of
rewrite steps in one go in the style of Tait & Martin-Lof [BS224]. For our purposes
it is more convenient to do this via the possible developments 228 of the set.

Definition 4. 1. A development of a non-overlapping set of rewrite steps is
(a) the empty rewrite sequence if the set is empty, and
(b) an arbitrary rewrite step from the set, followed by a development of the
residual of the set after that rewrite step otherwise.

2. The existence of a development of an orthogonal set of rewrite steps from s
tot is denoted by s —e— t, possibly subscripted with the set. —— is the simul-
taneous rewrite relation and we employ U, V., W to range over simultaneous
rewrite steps, and D, E, F' to range over simultaneous rewrite sequences. To
indicate that the rewrite steps are not nested we write -~ instead of —o—. -~
is the parallel rewrite relation induced by the term rewrite system [HueXd].
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3. The contribution and copy relation are lifted to simultaneous rewrite steps
via the corresponding relations induced by any development of the set.

The induced relations are independent of the particular development by (a
minor variation on) the finite developments theorem (FD) [ELSIFIQRTIDASA],
which expresses that all developments of an orthogonal set of rewrite steps are
finite, end in the same term and induce the same copy and contribution relation.

Definition 5. Let U;V be a rewrite sequence. U; V is permutable if all redezes
in V are residuals after U of some orthogonal set of redexes. Let V' be the
minimal such set. The result of permuting U;V is V';U’, where U’ is the set of
all residuals of U after V'.

Observe that a step in U contributes to an object in the final term if and only
if at least one of its residuals in U’ does so. Moreover, a step in V' contributes
to an object in the final term if and only if its origin in V’ does so.

Ezample 5. Consider the simultaneous rewrite sequence f(a,e) —e— f(b,e) —e—
g(b,b) in the TRS of Example @ Since the head-redex contracted in the second
step is a residual of ‘itself’ in the initial term, the steps are permutable giving
rise to the sequence f(a,e) —e— g(a,a) —e— g(b,b). Note that both a-redexes
contracted in the second simultaneous step are residuals of the a-redex in the
initial term.

Now we show that if one is interested in the rewrite steps contributing to a
prefix of the final term of a sequence, then the non-contributing steps can all be
discarded by permuting them towards the tail of the rewrite sequence.

Definition 6. A position in a term in a rewrite sequence is essential for a set
of positions in the final term, if it contributes to it. A set of positions, a redez,
a single rewrite step, and a simultaneous rewrite step are (in)essential if every
(no) element is, its component is, its redex is, and all its rewrite steps are,
respectively. A rewrite sequence/development is essential if all its steps are.

Lemma 1. A single rewrite step is either essential or inessential.

Proof. The contribution relation is defined such that if some position in its left-
hand side is related to say o, all positions in its left-hand side are. a

So, any rewrite step u in an ordinary rewrite sequence can be labelled as
essential (u.) or inessential (uz). Simultaneous steps may contain both essential
and inessential steps, but by FD it follows that any such step U factors as
U.; Us, where the subscript e (€) indicates that all constituting rewrite steps
are (in)essential. It remains to factor rewrite sequences. For this we employ a
technical result expressing monotonicity of ancestors. But first we remark that
there are simultaneous steps which are both essential and inessential: empty
simultaneous steps. We assume they are silently removed.
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Lemma 2. The ancestor of a prefiz is a prefizll
Proof. By a case analysis on the definition of the contribution relation. a

From this it follows that marking the final term of a rewrite sequence with a
prefix, uniquely induces a prefix sequence.

Lemma 3. A simultaneous prefiz sequence D factors as De; Dz
(cf. JEasIAIGRIANIETT]).

Proof. Tt clearly suffices to prove that any subsequence of the form Uz; U/ factors
as Ve; Vz. By definition, all rewrite steps in Uz are inessential hence they are all
below the prefix and do not ‘touch’ the prefix when performed. Since U] is
essential all steps in it are part of this prefix, hence the origin of U is ‘itself’,
hence orthogonal to Uz, hence the steps are permutable. a

Observe that if the prefix of the final term is the whole final term, then the
sequence D; is empty, i.e. the sequence was transformed into an essential one!

3.1 A Measure

The proof of Theorem M will be by induction, using a measure on simultane-
ous rewrite sequences inspired by [BESH]. It is the lexicographic product of the
length of the sequence and the maximal lengths of essential developments of its
simultaneous steps, from the tail to the head of the sequence.

Definition 7. Let D = Uy;Us;...;U, be a simultaneous prefix sequence. The
measure u(D) of D is the n-tuple (L., . ..,11), where l; is defined as the mazimal
length of an essential development of U;. Tuples are compared first by their length
and then by their successive elements (in the natural order). This yields a well-
founded order which is denoted by <.

Ezample 6. The measure of the simultaneous prefix sequence f(a,a,a) —e—
f(b,b,a) —e— g(b,b,b) induced by the prefix g(b,b,y) of its final term, in the
TRS {f(x,b,2) — g(z,2,2),a — b}, is the tuple (3,1). Since the sequence has
length 2, the tuple has 2 elements. The second step of the sequence contracts
an a- and an f-redex, both of which are essential. An essential development of
maximal length is f(b,b,a) — g(a,a,a) — g(b,a,a) — g(b, b, a)l explaining the
first element, 3, of the tuple. The first step contracts two a-redexes, of which
only the rightmost is essential. Hence its development has length 1, explaining
the second element.

Our measure differs in two respects from that of [E&ESH. Firstly, we shifted
from parallel rewriting (—4f-;;) and measuring the size (of U), to simultaneous
rewriting (—e—y) and measuring the maximal length of a development (of U).

2 Replacing ‘prefix’ by ‘component’ the lemma still holds for TRSs, but fails for PRSs,
e.g. in the A-calculus for the component (uz) w.r.t. (Ay.z(yz))u —g x(uz).
3 g(b,b,a) — g(b, b, b) is inessential though the redex is a residual of an essential one.
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This is the obvious thing to do when trying to lift results from first- to higher-
order. Secondly, we count the maximal length of essential developments only, not
of arbitrary developments. The reason is that in the higher-order case residuals
of essential steps may get nested inside inessential ones. Hence the length of an
arbitrary development may depend on inessential steps, which is undesirable and
measuring by it would render the next lemma invalid. This was the motivation
for introducing the contribution relation. First remark that removing empty
steps decreases the length hence the measure.

Lemma 4. If D.; D: is a factorisation of D, then u(D) > u(D.).

Proof. By enriching the proof of Lemma [l remarking that the measure of an
inessential step is 0 and if Uz; U, permutes into Vg; Ve, then u(U.) = u(Ve). O

3.2 The Projection

Our main proof technique is based on projecting a rewrite sequence to some
result over arbitrary rewrite steps, thereby (eventually) decreasing its measure.
The projection is the weakly orthogonal projection as defined in [LastidlZaal]
combined with discarding inessential steps on the fly.

Definition 8. A set of results (see JGRUMMLYA] for ample motivation) is a
set of prefizes closed under (inverse) rewrite steps below it. Moreover for a prefix
sequence to a result with initial prefizr O and final prefiz P, if some step u overlaps
O, then u overlaps an ancestor of some essential step.

Lemma 5. Consider a prefix sequence to a result, with an initial term which is
not a result, having prefix O. Then some redex is entirely in O.

Let D be a simultaneous prefix sequence to a result, with initial prefix O and
final prefix P. Let e be a rewrite sequence coinitial with D of length m. The pro-
jection of D over e is defined by lexicographic induction on the pair (u(D), m).
By Lemmall D factors as D.; Dg. By closure of results under ezpansions, i.e. in-
verse steps, below P, D, is a simultaneous prefix sequence to a result, such that
w(D) > p(D.) by Lemma B That is, for our induction it is harmless to assume
that simultaneous prefix sequences to a result are essential, so we assume it.

If e is empty the projection is just D. Suppose e = v;e,. As in [Maddl]; two
cases are distinguished. In (L) the measure does not change, in () it decreases.

(L) If v does not overlap O, then the standard orthogonal projection [RIaXi],
can be applied. More precisely, one can construct by repeated application
of FD a simultaneous prefix sequence D', and a rewrite sequence ¢’, such
that D;e’ and v; D’ start and end in the same term, where e’ consists of
steps below P. Hence D’ is an (essential simultaneous prefix) sequence to
a result, by closure of results under rewriting below the prefix. Moreover,
w(D) = p(D’). Repeat the construction on D’ and e,,.

(1) If v does overlap O, then by the definition of result it overlaps the ancestor
of some step in D, hence D is non-empty say D = U; Dy .
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(L)’ If v does not overlap U, then applying FD yields simultaneous steps U’
and V' such that U; V' and v; U’ start and end in the same term and V'
overlaps the ancestor of P along Dy. That is, V' develops as v'; V/, for
some v’ overlapping the ancestor of P. Hence repeating the construction
on these we are again in case (£), resulting in a sequence Dy, such that
w(Dy) > pu(Dy;). Applying the construction once again on e, and U’; Dy,
yields the desired D’ such that u(D) > p(U’; Dyy) > p(D').

(L) If v does overlap U, then U can be developed as u; U, such that u
overlaps v. By weak orthogonality v and v result in the same term. By
FD u(D) > u(Uy; Dy), so the construction can be repeated on e, and
U,; Dy yielding the desired D’ such that p(D) > p(Uy; Dy) > u(D’).

4 Normalisation

In this section Theorem M is proven and some of its corollaries are discussed.
First we define the concepts involved: strategy, outermost-fair and normalising.

Definition 9. A subrelation of an abstract rewrite system is called a strategy.
It is —-normalising if it is terminating and its normal forms coincide with those
of the abstract rewrite system —. A one-step/parallel term strategy for a term
rewrite system R is a restriction on the set of allowed ordinary/parallel steps.
Notions for abstract rewrite system strategies extend to notions for term strate-
gies via their underlying abstract rewrite system. A term strategy for a term
rewrite system R is normalising if it is —xr-normalising. It is outermost-fair if
it does not allow an infinite outermost redex chain.

Ezample 7. 1. The rewrite sequence f(a,a) — f(a,b) — f(a,a) — f(a,b) —
...in the TRS {f(x,b) — f(x,a),a — b} is outermost-fair. Observe that the
leftmost a gives rise to an infinite chain. Although infinitely many redexes
in the chain are outermost, the chain itself is not outermost since infinitely
many redexes in it are non-outermost as well.

2. From the rewrite sequence f(a) — f(a) — ...inthe TRS {f(z) — f(x),a —
a}, it cannot be determined whether it is outermost-fair or not. One needs
to know which redexes are contracted; it is outermost-fair only if infinitely
often the first rule is applied.

Theorem 1. Outermost-fair strategies are normalising for weakly orthogonal
term rewrite systems.

Proof. To start, observe that the set of normal forms is a set of results. Closure
under rewriting and expansion is trivial since the prefix is the whole term and
there’s nothing below it. A redex which contributes to a normal form but has
no overlap with any of the essential steps, would have a residual in the normal
form which is impossible. Now suppose for a contradiction that for some term s
it holds that:

1. a(n essential) rewrite sequence D from s to normal form z exists, and
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2. an infinite outermost-fair rewrite sequence e from s exists.

Since e is infinite, it is of the form v;e, for some rewrite step v and infinite
outermost-fair rewrite sequence e,. Projecting D over v yields by the above a
rewrite sequence D’ such that u(D) > p(D’). If we can prove that by repeated
projection the measure eventually strictly decreases, then we are done by well-
foundedness of the measure and the observation that only the empty sequence
has the minimal measure ().

Suppose to the contrary that from some moment on, the measure doesn’t
decrease anymore. Then the projection is orthogonal each time, and the prefix
O of the initial term remains the same by projection. By Lemmalll, O contains
some redex and since O is a prefix there’s also an outermost redex u at some
position o € ol By outermost-fairness this step must be eliminated sometime
in e. This can happen in two ways.

(overlap) Some redex v overlapping with u is contracted, but then contracting
u instead of v yields the same result by weak orthogonality and gives rise to
case (£) in the projection, decreasing the measure.

(above) Some redex v at a position p above w is created, but then p < o. By
well-foundedness of the prefix order eventually case (overlap) applies. O

By doing some proof-hacking it is possible to e-relax the weak orthogonality
requirement to left-linearity and biclosedness, where a term rewrite system is
called biclosed if for every critical pair (s,t) both s rewrites to ¢ and ¢ rewrites
to s in a number of steps.

Corollary 1. 1. Parallel outermost strategies are mormalising for weakly or-
thogonal term rewrite systems (JO D70 EaaIl]).

2. Normalisation and termination coincide for non-erasing weakly orthogonal
term rewrite systems (JCHULDEAZANEZZT] ), where a step s — t is non-
erasing if every position in s has a descendant in t

3. The computable, history-free and sequential strategy S, [ELZE4]. is normal-
ising for weakly orthogonal TRSs.

4. Needed strategies are (hyper) normalising for orthogonal term rewrite sys-
tems JELUDN]. A strategy is needed if the redexes it selects contribute to the
normal form, and hyper normalisation of a strategy S is normalisation of
any strategy which always eventually performs an S-step.

5. Bvery rewrite sequence in a term rewrite system can be transformed into
a standard one, where a rewrite sequence is standard if for any step in
the sequence, no step properly outside all its descendants is performed later

([l,'l,/l/lll‘:/).

Proof. 1. The parallel outermost strategy is outermost fair.

* Beware: u may be partially below O! E.g. in the sequence f(b,a) — f(b,b) —2 b in
the TRS {a — b, f(b,z) —1 =, f(z,b) —2 x}, the redex a is in the initial prefix, but
the outermost redex f(b,a) is only partially so (b is below the prefix!).

5 For TRSs this definition of non-erasingness is equivalent to the standard one, requir-
ing all variables in the left-hand side of a rule to occur in its right-hand side.
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2. Due to non-erasingness the ancestor of any rewrite sequence is always the
whole term. Hence (X) always applies in the proof of Theorem H.

3. From Theorem MM and [A8ISE Theorem 6.7].

4. An easy consequence of FD is that for orthogonal term rewrite systems,
whether a position contributes to its (unique if any) normal form does not
depend on the particular rewrite sequence to the normal form. Hence all re-
dexes in the ancestor of a rewrite sequence to normal form are needed and the
others are not. Moreover, from Lemma B we know that the ancestor of any
non-empty rewrite sequence contains some (needed) redex. Combining these
observations it is clear that case (£) must and can always be applied (even-
tually, in the case of hyper normalisation) in the proof of Theorem l when
projecting over a sequence generated by a needed strategy (cf. [EESEE]).

5. Take the component consisting of the whole final term of a rewrite sequence
d and repeat the following until the first item fails.

(a) Consider an outermost position in the component to which some step in
the sequence contributes.

(b) Select the first such step and take the component of its redex

Call the origin in the initial term of the last step selected by this procedure

a first step of d. By the selection procedure any first step u is essential
and no step outside its descendants is performed in the sequence. By the
former property, projecting d over u results in a rewrite sequence e, such
that p(d) > p(e). By the latter property, u is not duplicated until contracted
hence d and e are permutation equivalent [E522]. By the decrease in measure
repeated selection/projection terminates. The resulting sequence of steps
(u...) is standard by the properties of the selection which are invariant
under permutation equivalence. a

The proof of Theorem M can be strengthened such that the weak orthog-
onality requirement in the second item, can be relaxed, allowing critical pairs
satisfying the CPC’ critical pair criterion of [IZza8ill Definition 3.4.29], provid-
ing an alternative proof of his result. We conjecture that left-linearity can be
dropped as well (see [zadt] for the first-order case).

The third item already appears as [ARSE Corollary 7.2] with the same
proof, i.e. based on Theorem Wl of the present paper which at that moment
was thought to have been proven by Van Raamsdonk. Unfortunately a coun-
terexample against the proof method was found, and at that moment the result
had to be restricted to almost orthogonal TRSs (see [EEaSHERESD]).

A consequence of the fourth item is normalisation of leftmost-outermost
strategies for left-normal [BIGX0] higher-order rewrite systems like the A-calculus.

The procedure in the last item is closely related to the procedures Imc and
STD described in [RIaX0] and LY. The difference is that we rely on prop-
erties of contribution for its correctness and on our measure for its termination.

5 Head-Normalisation

In [Mad@d] it was shown that for almost orthogonal TRSs outermost-fair strate-
gies are head-normalising (there called root-normalising). Unfortunately this
property fails for the slightly larger class of weakly orthogonal systems.
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Counterexample 1. Consider the term f(g(a,a)) in the TRS:

a—b
flg(a,z)) — f(g(b,z))
g(b,z) — g(z, z)

There is only one critical pair {f(g(b, x)), f(g(b,x))) (arising from overlap be-
tween the first two rules). Since the critical pair is trivial, the TRS is weakly
orthogonal. Now on the one hand from f(g(a, a)) the head-normal form f(g(b, b))
can be reached, e.g. f(g(a,a)) — f(g(a,b)) — f(g(b,b)) by applying the first
rule twice. But on the other hand the infinite parallel outermost rewrite sequence
flg(a,a)) — f(g(b,a)) — f(g(a,a)) — ... does not reach a head-normal form.

The counterexample shows that the head-normal forms do not constitute a
set of results in the weakly orthogonal case (cf. [MaRE]).

Lemma 6 (coherence). (fENUN, Lemma 9.3.10], [Faalf, Lemma 5.5.2]) Let
s =17 be an instance of a left-hand side | in an almost orthogonal term rewrite
system. Suppose s — t by a non-head step u. Then u does not overlap .

Theorem 2. Outermost-fair strategies are head-normalising for almost orthog-
onal term rewrite systems.

Proof. To replay the proof of Theorem M it suffices to show that the set of
head-normal forms is a set of results. Closure under rewriting below the head
is trivial. For a proof of closure under expansion, suppose that s —z z and z is
a result. If s were not in head-normal form it would rewrite by some non-head
step to a head-redex [?. By confluence and coherence, z and [ would have a
common reduct, via non-head steps, of the form [” contradicting the assumption
that z is in head-normal form. Like for normal forms, a redex contributing to a
head-normal form but having no overlap with the essential steps, would have a
residual overlapping at the head with the head-normal form. a

For the higher-order case this is a new result, although it is the obvious com-
bination of the results of [RMadSH] and [Baatl]. Finally, we show that outermost-
fair /parallel outermost strategies are infinitary normalising, a result which is
usually proven via head-normalisation [MdSH]. We refer to that paper for a pre-
cise definition; one can think of generating the (infinite) list of prime numbers.
Due to Counterexample ll the proof via head-normalisation is blocked.

Theorem 3. Outermost-fair strategies are infinitary normalising for weakly or-
thogonal term rewrite systems.

Proof (sketch). Suppose d is an infinite rewrite sequence from a finite term s
to infinite normal form z. This implies that any finite prefix @) of z remains
‘untouched’ after a finite initial segment of d. Let q1, g2, ...be an enumeration
of all positions of z in breadth-first order. Applying factorisation with respect

6 The counterexample does not contradict infinite normalisation, since the term
f(g(b, b)) does not have a(n infinite) normal form.
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to the successive prefixes yields a sequence D = D1; Ds; ... from s to z such
that D; is essential for ¢;, for every i > 0. Define u(d) = (u(D1), p(Da2), .. ., i.e.
the infinite sequence consisting of the measures of the essential subsequences.
We show that by projecting D over an outermost-fair sequence an ever growing
prefix of the measure will be filled by ()’s, establishing the result. Since s is
finite, initially the set of minimal positions which have measure different from ()
is finite, and ‘covers’ every infinite branch of z. Let g be the first one. Replaying
the proof of Theorem B we may assume that eventually a redex contributing to
q is contracted. This ‘decreases’ the measure of the sequence corresponding to g,
which entails that an ever growing prefix of the measure will consist of ()’s. O

As in [BEEEY, our proof is restricted to normalisation by strongly converging
sequences (leaving an ever growing prefix ‘untouched’). Consider the weakly
orthogonal TRS {h%(a) — h**1(a)|i > 0}. The infinite sequence a — h(a) —
h(h(a)) ... is Cauchy-converging and its limit is the infinite normal form z =
h(h(h(...))). z may be reached by repeated application of the rule a — h(a),
but also by always applying the ‘largest’ possible rule. Call these sequences d
and e. d is strongly converging, but e is not since it is a head-sequence. (Both
notions of convergence coincide for finite TRSs.) Note that p(e) is not well-
defined since the prefix of e consisting of steps contributing to the root is e
itself, so infinite. Hence, our proof (projecting e over d) doesn’t work if e is only
Cauchy-converging. Still, we conjecture that outermost-fair rewriting is infinitary
Cauchy-normalising for weakly orthogonal term rewrite systems.

6 Conclusion

We believe that the contribution relation and our proof methods based upon
it are fundamental for the syntactic study of (left-linear term) rewrite systems.
For example, we expect the extraction procedure of [LaxvZd] to be amenable to
an analysis generalising the analysis of factorisation in this paper. Furthermore,
we hope to employ our methods to prove normalisation results for strategies in
the realm of explicit substitution/proof normalisation.
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