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Abstract
We show that for the (untyped) bang-calculus 3! is confluent modulo o.

Introduction. The bang-calculus [8, 10, 11] is an untyped version of the implicative fragment
of the call-by-push-value calculus [16], which is typed. The calculi share that they subsume the
call-by-name and call-by-value paradigms. For definiteness we recall the calculus studied here
in Tab. 1. However, so as to be able to instantiate higher-order term rewriting theory [18, 25],
we will exclusively employ its presentation as a higher-order pattern rewrite system' (PRS).
The simply-typed signature of the PRS presentation has a base-type term and function symbols:

abs : (term — term) — term app : term — term — term bang : term — term

It extends the PRS signature of the (untyped) A-calculus [18, Ex. 3.4][25, Ex. 11.2.6(i)] with
the bang. We ad(a/o)pt standard notational conventions of the A-calculus [4, 25] abbreviating
abs (z.M) to Ax.M, app M N to M N and bang M to !M. Its 8!- and o-rewrite rules then read:

gl (Ax.S(@)!IT — S(T) o1+ (Ae.S@)TV = Az.S(x)V)T
o2 (Azy.S(x,y)T — Ay.(A\x.S(x,y)) T o3 + V((Ax.Sx)T) = AV S(x)T

Remark. Tab. 1 employs a grammar instead of a signature, rule schemata instead of rules, and
deals with renaming and substitution explicitly (it has to) instead of absorbing those, in PRSs.
We will heavily rely on that PRSs are preserved under various syntactic transformations such
as coloring (see below), so we still have PRS theory [18, 25] and PRS tools' at our avail. This
is to be contrasted to the literature on the A-calculus using such, invariably rife with well bad
redundancy or handwaving; it must be as the A-calculus is not closed under coloring (7%7%).

The bang reflects the !-type from linear logic, denoting that resources are replicable, in the syn-
tax. In particular, the §!-rule makes explicit that arguments to functions should be replicable.

Example 1. For w := Az.z lz, the bang-calculus version of the mockingbird [23][4, Def. 6.2.1],
we have the infinite reduction w ((Az.\w) (y 2)) =0, Z —p1 Z —p1 ... for Z := (Az.wlw) (y 2).

Here we resolve the problem whether 8! is confluent modulo o, a problem dating back to [8, 11],
in the affirmative. After making both the problem and its resolution formal statements, we
investigate the rewrite properties of 5! and o and find the latter and its combination with the
former to be non-trivial. Based on that analysis we introduce the B!-rule (B is the Greek capital
B, pronounced here as big beta) obtained by saturating the redex-pattern of the Sl-rule with
Dyck-spines, in the spirit of [6]. A Dyck-spine (Def. 1) is a context where the applications and
abstractions along its head-spine [5, Def. 4.2] match up as the opening and closing parentheses
of the Dyck language D of matching parentheses, see, e.g., [22], with the hole at its coccyx / tip.
Dyck-spines are designed to be closed under o-equivalence, enabling to speak of residuals [7, 19]
of Bl-redex-patterns after both (other) B!- and o-steps, thereby enabling resolution of the
problem via Church & Rosser’s classical method of confluence-by-orthogonality [4, 18, 3, 25],
but for B! instead of for 5!. A flattening argument allows us to conclude.

IThe PRS is downloadable from http://www.javakade.nl/research/trs/bang.trs in the HRS format of
the Confluence Competition, supported by tools such as Nagele’s CSI"ho and Hamana’s SOL.


http://www.javakade.nl/research/trs/bang.trs
https://project-coco.uibk.ac.at/problems/hrs.php
https://project-coco.uibk.ac.at/
https://cl-informatik.uibk.ac.at/component/content/article/csi-ho?catid=57
http://solweb.mydns.jp/webcui/move/
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A > situ=x|dud|st|lt

Bl (Ax.t)ls — t{s/x} o1: (Az.s)tv — (Az.sv)t if z ¢ fv(v)
o9t (AzAy.s)t = Ay.(Az.s)t if y ¢ fv(t) U{z} o3 v ((Az.s)t) = (A\zws)t) if z ¢ fv(v)

Table 1: Bang-calculus presentation [8, 10, 11] by grammar and rule schemata, not used here

Remark. The idea underlying B! of saturating left-hand sides (here of the §!-rule) under ad-
ministrative rules (here o-rules) appears in many guises in the literature, see e.g., [6, §4.3][21, 2,
15, 25]. Tt was later vulgarised by Accattoli and Kesner as reduction-at-a-distance for the simple
(regular not context-free) case of a A-calculus with explicit substitutions ¢ la De Bruijn [1].

Preliminaries. We assume familiarity with rewriting [3, 25]. We employ —, —, and ~ (each
possibly subscripted) to denote respectively the rewrite system (relation) induced by the g!-
rule, its finite reductions (reducibility), and conversions (convertibility) induced by the o-rules
with o := {01,02,03}, and use [a] to denote a modulo ~ defined by {b|a ~ b}, and [—] to
denote — modulo ~ defined on such equivalence classes by [a] [=] [0] if @ ~+— -~ b. Our
problem resolution (Cor. 1) asserts that ! is confluent modulo ~, i.e. [—] is confluent.

Remark. The notion confluence of — modulo ~ is not unequivocally defined in the literature.
It is oftentimes equivocated [13][25, Ex. 14.3.1(iii)] with confluence of ~ - — - ~, not equivalent
to confluence of [—] as shown by b + a — ¢ and b ~ ¢, though only slightly so; they can be
reconciled by asking for a common reduct for ~-— -~ up to ~. It is also sometimes defined [12,
p. 802] as «— -~ — C — - ~ -« not equivalent to the other two as shown by a ~ b — c.

Below, we will show (Cor. 1) confluence of [—] via the diamond property (DP) of ~ . ——
(Thm. 2), where M -+ N denotes there is a complete B!-development (CD) from M to N, a
reduction from M in which only residuals [7, 19] of redex-patterns in M may be contracted with
none remaining in N. Following [4, 25], we formalise both notions by coloring* occurrences of
symbols, where coloring pairs a symbol up with a natural number, written as superscript / using
color (since application is implicit: of its parentheses). The colored PRS rules are (Fig. 1):°

Bl (Na.S(x)) (V) = S(T) o (W S@) TV = (N (S(2) VYT
o2 : Nz Xy S(z,y))'T — Ny.(NMe.S(x,y)'T oz (V)(Nz.S(x)T) = (\a.(V)'S(z))'T

Example 2. If M — N, then also M —e+ N by a CD of its singleton redex-pattern occurrence
indicated by coloring, e.g., (Az.(Azx.z!z) lw) (y z) witnesses Z —e—» Z for Z in Ex. 1. Coloring ex-
tends to multiple redex-pattern occurrences, e.g., (Az.u (Ay.zy)!b))la - u (ab) is witnessed
by (Az.u ((Ay.zy)!b))la =g u((Az.xb)la) =z u(ab) (starting with — g gives the same CD).

N ININ NN N
7 PN T | LN N7
S T A T @ A A T A T @
| | VAN | | | VAN
S S 1% S S S \% S
| | VAN VAN | |

Figure 1: (Red) g! and (polychrome) o; with redex-patterns [25, §8.6.2] in bold.

2A colored edge below a leaf S indicates that (the unique) A (of that color) binds in terms substituted for S.
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No(ta)tions extend naturally to coloring, e.g., ~ denotes ~, where o denotes {01, 02, 03}. Any
map on colors, a discoloring, induces a morphism on terms, steps, (finite and infinite) reductions
and conversions. Matting is the discoloring that maps all colors to matte (black), 0. As mapping
terms to matte terms is an embedding, we may and will identify the former with the latter.

B!, Given a set 0 ¢ C of colors we use 3! and — to denote | J;c B!* and — 4, respectively. A
(colored) term M is a C-coloring of M if only colors in C U {0} occur in M and colors in C only
occur in [l-redex-patterns. A (B!-)development of M is a —-reduction that is the matting of
a —-reduction from some C-coloring M of M; if it ends in a —-normal form with matting N,
then M —e» N is complete (a CD). Note that M is matte if it is in —-normal form.

Example 3. Non-red-colorings of Z in Ex. 1 are (Az.(Az.z!z)!w) (yz) (non-monochrome),
(Ax.(Az.zlz) lw) (y z) (blue) and (Az.(Az.x!z)w) ((y) 2) (non-redex-pattern). Ex. 2 exemplifies
red,blue-coloring. J —e+ I'lT but not J —e» I for I := Az.xz, J := I''I'T (1 redex-pattern in J).

Theorem 1. -e+ has the DP, because — is terminating on C-colorings and preserves them.

Proof. This holds for orthogonal PRSs [18] (OPRSs; left-linear and without critical peaks), with
3! orthogonal (on its own)': C-colorings are preserved by the contracted S3!-redex-pattern not
overlapping others. Termination follows from [25, Thm. 11.5.11]. Both CDs of N <o~ M -~ L
lift to developments from some C-coloring M of M for C the union of the colors for the CDs;
completing them yields M —e+ P e L for P the (unique and matte) —-normal form of M. O

The theory of orthogonality [25, Ch. 8] not just gives confluence of 8! [10] for free (by — C —e» C
— [25, Prop. 1.1.11)), it allows to construct a least upper bound for any peak of Sl-reductions.

o. Since rewriting modulo equivalences classes is unwieldy, one may try to transform the o-
rules into a complete rewrite system [17, 20]. This is non-trivial for various reasons: (i) orienting
o into rewrite rules in any direction yields PRSs that, though terminating, have non-joinable
critical peaks [18] as easily checked by tools!, e.g. the one shown in Fig. 2 (left); (i) Knuth—
Bendix completion of the above o-rules even leads to a non-orientable rule, with either side
embedding the other, the swap-equivalence 7:(Az.((A\y.S(y,2)) T)) V — (Ay.((Az.S(y,2)) V) T
depicted in Fig. 2 (right). (iii) turning the o-rules into a first-order TRS by erasing bound
variables, completion using tools fails® (completing o should be at least as difficult); (iv) the
reverse o-rules are not well-behaved in the same way the n-rule [4] is not: they test for the
absence of variables, i.e. perform a so-called no-occur-check [20, Rem. 3.4.23]. (v) whereas the
o-rules of [6, 21] give a conservative extension of S-convertibility [4], that fails for our o-rules
w.r.t. Bl-convertibility (intuitively by ! being absent, formally by Fig. 2 and Cor. 1).

IN NN N NN
AN DA
NN SN N
SIS NG N
SN N SNCN SN SN

Figure 2: Non-joinable (left) and non-orientable (right) critical peaks between oo and o3 / oy.

3The TRS in mkbTT-format is downloadable from http://www.javakade.nl/research/trs/sigma.trs.


http://138.232.18.220/tool/mkbTT
http://www.javakade.nl/research/trs/sigma.trs
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M; = (Qzawu((Ayxzy)!lb)la —z (Azw(zd)la = N v e
My = u((Az.(Ay.zy)lb))la) —pz K i/\f e d[l
Ms = u((Az.A\y.zy)la)ld) —p u((Azaxbd)la) = K | | Bl S
My = u(OyQzazy)la)lb) —g K s T |
My, —p u((Myay)ld) = L | T

Figure 3: Exemplifying saturation of §! into B! (left) and presentation of (a red) B! (right).

Open Problem. Is there a complete PRS presenting the equational theory ~ of o7

Observe that ~ is decidable since ~-classes are finite by o being size-preserving. That does
not resolve the open problem since decidable equational theories need not be presentable by
complete (finite) term rewrite systems [14, 24], but it does make Cor. 1 below effective. In turn,
size-preservation is a consequence of that the o-rules only reconfigure symbols (as seen in Fig. 1;
they are chemical in the sense of [25, Example 8.6.1]). That also makes that matting is (the
converse of) a labelling in the sense of [25, Def. 8.4.5(i)] on o-conversions; they lift uniquely:*

(=1 (=1

Lemma 1. A o; "’-step from a matting M of M lifts to a unique o, -step from M per Fig. 1.
Non-coherence of o with 5!. A major obstacle to confluence of [—=] is that ~- — C — -~
does not hold; o need not cohere with g!; e.g., it does not in Ex. 1. We present our technique

to overcome it, of saturating 8! to make o cohere with it, on the following running example.

Example 4. The terms M; and M, in Fig. 3 (left) are o-convertible by M; N My N
M3 ~y, My. Both My and M, have two [!-redex-patterns, colored red and blue, but Mj; in the
middle only has a single (blue) one; the @ and X in it have become (temporarily) divorced. So,
Ms ~ My —p N, but for no P we have M3 — 3 P ~ N, and the same holds when discoloring.

Our aim is to make the red symbols in M3 constitute a redex-pattern for a generalised [!-rule
we dub B!. To that end, we saturate the left-hand side (Az.S(x))!T of the Bl-rule by allowing
for arbitrary so-called Dyck-spines d and e betwixt its @ and its A respectively !, see Fig. 3
(right), where bars [| represent Dyck-spines and the B!-redex-pattern is in bold, cf. 4! in Fig. 1.

Definition 1. A Dyck-spine is a single-hole context in DS 3 d,e == O | (d[\'z.0])*M | dle].
We let d denote the sequence of variables bound by the A-abstractions on the spine toward the
coccyx / tip O of d. The (colored) PRS Bl!-rule scheme for Dyck-spines d, e is, Fig. 3 (right):

BI : (dNa.S(e, ) el T(@)] - e[d[S(T(), ]

Intuitively [6, 2], Dyck-spines are vertically context-free; we think of @ and A along the spine
toward O as opening and closing parentheses in the Dyck language of matching parentheses over
the alphabet {(,)}. Indeed, given an occurrence of the @ of a Bl-redex-pattern its corresponding
A is found by matching (using a PDA [22]) along the spine, and similarly for !. We extend our
conventions: 3! denotes J,; B!" and M is a C-coloring of M, if M only uses colors in C U {0}
and colors in C exclusively occur in B!-redex-patterns. We say a Bl-step is flat if it arises from
d,e =0, i.e. iff it is a Sl-step. Accordingly, a term is flat if all B!-redex-patterns in it are.

Example 5. In Fig. 3 (left), M3 = u ((d[\y.xy])e[!b]) —p u(e[d[zd]]) = K ~,, N for d :=
(Az.0) la and e := O, regaining coherence lost in Ex. 4. For the occurrence of @ in M3 we find

4Bl-reductions need not lift, as the left-hand side of 8! being monochrome restricts it [25, below Ex. 8.4.28]!
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its corresponding Ay by repeatedly walking to the left subterm, first encountering a @ (pushing
that), then a A\x (popping the @), and finally the matching \y. Similarly, (d[\z.z !z]) e[lw] — g
eldlw!w]] for d := O and e := (Az.0) (y 2) in Ex. 1, again regaining coherence as e[dw lw]] = Z.
Lemma 2. C-colorings are preserved by ~. (Note: o-steps are a priori not constrained by C!)

Proof. First, note that if a side of a o-rule occurs in a C-coloring M of M, then its occurrences
of @ and its left child A as in Fig. 1 both have the same color; either both matte (neither in a
redex-pattern) or both in C (they must match). Next, we consider peaks between B!- and such
o-redex-patterns, where we assume w.l.o.g. both symbols are blue. The only interesting case is
when there is overlap. Projecting onto their spine(s), the steps induced by such o are:

(0 =o1 O( 0) =, )0 (=as O( () =o€

expressed using matching parentheses, where the 2 rules for o3 correspond to @,@ being on
distinct spines in its left-hand side. The Dyck language D is closed under the (reverse) steps. [

Example 6. M in Fig. 3 is red,blue-colored, so all M; are by them being o-convertible to M.

Coherence of o with B!. We have o is coherent with B!, as we aimed for.
Lemma 3. M' —p5 N’ ~ N for some C-colored N', if M" ~ M —py N for C-colored M', M, N.

Proof. By transitivity of ~ it suffices to show the inclusion for each local cliff M’ <+ M — 5, N.
(critical) If one of the (three) symbols in a side of a 0§771>—rule (Fig. 1) overlaps with the head-
symbol @ of B! or its matching A (Fig. 3), the cliff is critical and handled as per Fig. 4.

(orthogonal) Otherwise, the pattern of the o-rule must either be schematic, on one of the
Dyck-spines d or e of the lhs d[Az.S(x,d)] e[IT(€)] of the Bl-rule, or in its body (obtained by
instantiating S) or in the argument (obtained by instantiating 7') as usual for OPRSs. A

common reduct is found by contracting residual o-redex-patterns in the rhs of B! [7, 3, 25]. O

Remark. In Fig. 4 we have distinctly colored non-matching symbols, and overlapping symbols
are in bold.> That the various o-equivalences hold, uses that binders in Dyck-spines d and e
do not bind in each other (per the variable convention), so that d[e] ~ e[d]. For instance, if
d = (A\y.0)y and e = (A\z.0) z, then de[N]] = (A\y.(Az.N) z) y ~- (Az.(Ay.N)y) z = e[d[N]].

Example 7. Lem. 3 for the cliff M3 ~ M; —p1 N in Fig. 3 (left) yields M3 —p) K ~,, N.

Flattening B! to g!. The Dyck-language D has the following rewrite-characterisation:
w € D iff the normal form of w for the rule (() — ()( is flat, that is, of shape (). .. ().
Flattening, o1, 03-reducing M to a% o1, 03-normal form, extends the idea from words to terms:

Proposition 1. A flattening of a C-coloring M of M is flat (i.e. all Bl-redexes are 5!-redexes).

Proof. In a Bl-redex (d[Az.L])e[!P] in a flattened term, both d, e are flattened entailing they
are sequences of @—\-pairs (o7 would be applicable to a minimal nesting). Then if d / e were
non-empty, o1 / o3 would be applicable to the head-@ of B! and the first @-A-pairind / e. O

Example 8. For M/, and M, in Fig. 3 (left), flattening gives rise to” M} := (Az.(Ay.u (zy)) !b) la,
and for Mz and My to M} := (\y.(Az.u (2 y)) 'a) b, which indeed both are flat. (They are also
swap-equivalent, but Fig. 2 (left) shows that in general that fails for o-convertible terms.)

5Dyckness of d rules out the third way to overlap o; with B!, only on the A not on the @ of B!.

601, o3-reduction is terminating [8] (as tools also show) but not confluent (1,03 have non-joinable critical
peaks, e.g., in (Az.z) z ((A\y.z) y)). It can be shown that o1, o3-reduction is confluent modulo swap-equivalence 7.

"Beware: M?” isn’t notation for the flattening of M. We use M’ to denote a flat term such that M ~ M?.
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Figure 4: Joining critical peaks of B! and the (7,57 up to o (zoom-in for extra legibility).

Coherence of o with §!-developments.
Lemma 4 (o-transfer). If M’ is flat” in M* ~ M -+ N, then M* -+ N’ ~ N for some N'.

Proof. M" ~ M — N for some C-colorings M of M and M” of M with M ~ M by assumption,
definition of —e—+ and Lem. 1,2. M’ — 5 N’ ~ N for some colored N’ by iterating Lem. 3. Since
M?" is flat, so is M", so all Bl-redex-patterns in it are 3l-redex-patterns. These are preserved
by contracting other such (Thm. 1), so in fact M’ — 3 N’ ~ N using o retains color. O

Example 9. M! ~ My e+ u(ab) in Ex. 8, transfers to M? —e+ u (ab) ~ u (ab) by Lem. 4.
Theorem 2. o -~ -3 C ~: -3 ¢o -~ (~-—e> has the diamond property).

Proof. If M ~ M; —-e» N, for i€ {1,2}, then M" ~ M; —e» N; for M’ a flattening of M. Lem. 4
transfers that to M” e+ N/ ~ N; for some N/. By DP of e+ (Thm. 1) N} —e= L for an L. [

Example 10. Thm. 2 for N «+ M; ~ My — L in Fig. 3 gives N ~ (Az.u (zb))!la — u(ab) «
(My.u(ay))!b ~ L when taking M? = (Az.(Ay.u (zy))!b) la in Ex. 8 as flat witness to M; ~ Mj.

Corollary 1. 8! is confluent modulo o.

Proof. By the above remarks, transitivity of ~ and relation algebra, *(~ - <= - ~) « (~+ =« ~)*
() () © () (e ) e I ()" (o )
~e(ee o) () v C (v )T~ F (v 4 - ), entailing confluence of [—].

amn N

N —
I o SR :
‘ A dq ] ; b
/\\ ‘ |
v VRN

Figure 5: Joinability of schematic body (@Q-\, left) and argument (Q-!, right) Bl-peaks.

Conclusion. We saturated ! into B! by the context-free insertion of matching @-\-pairs in
the B!-redex-pattern. Developing a set R of B!-redex-patterns in a term M was effectuated by
a flat development M ~ M’ —e—» N, first transferring R into a set R® of Sl-redex-patterns in
a flat term M” ~ M and then developing R’ as M” -+ N. They have the diamond property
by B! being orthogonal, from which confluence of bang modulo followed. We conjecture B! /
flat CDs are orthogonal, constitute a residual system [25, §8.7], suggested in Fig. 5. We have
shown working with o-equivalence classes is effective for the bang-calculus, but is it efficient?

Acknowledgments. We thank the IWC reviewers for their comments, in particular for the
reference to [9, Prop. 1]. We obtained it (‘Thm. 2 = Cor. 1’) independently (in March 2024)
when resolving confluence of 8! modulo o as reported here. Though flat terms are unblocking
in the sense of [9, Def. 1], the main problem lies elsewhere, in proving coherence (as flattening is
not a function on ~-classes; Ex. 8, Fig. 2). We resolved it by saturating B! to B! and o-transfer.
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